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JIEKIINS 17

IIpumimun cummerpun. Kiaccndeckast 3aga4a Jupuxiie

17.1. IIpunnun coorBercTBud rpanul. llpuHnun cumMmeTrpun

Teopema 17.1 (Ilpunrmun coorBercrBus rpanur (6e3 mokasarenbcTsa)). [lyems G —
ozpanuventan obaacmo 6 C. I'panuya OG — npocmas 3aMKHYMas KYCOUHO-2A00KAA KPU-
san (m. e. G — odnoceasnan obaacmyv). Ilycmv [ — xondopmmnoe omobpascenue G na
edurunnwiti kpye {|w| < 1}. Toada f mooicro nenpepuisro npodoasicumsv 6 G (m. e. 6ydem
0MOoOPaNCAMBEA HE MOALKO 00AGCMY, 4 ewé U epanuya), npuuém mak, wmo OG nenpe-
PUBHO U 83aAUMHO 00HO3HAWHO omobpascaemcsa pynryued [ wa {|w| = 1} mak, wmo
COTPAHACTNCA NOAONCUMENLNAA OPUEHMayus omuocumenvro {|w| < 1}.

N\

O

|w|<1
Puc. 17.1.

Takast CUTyaliis peaiu3yeTcd TOJIbKO Ha OI'PaHUMYCHHBIX OJHOCBA3HBIX 00J1aCTAX.

Teopema 17.2 (Ilpunmun cuvmmerpun). I[lyems obaacme G aestcum 6 eeprHed, noay-
naockocmu: {Imz > 0}. ITpuuém epanuya OG — kycouno-2aadkas Kpusas u codepicum
l1,. ..,k — woneunoe wucao unmepeanros na ocu R. Qynryus [ wongpopmmno omobpasica-
em G na G C {Imw > 0}. f moorcno nenpepvieHo U 63auMHO 00HOZHAUHO NPOJOAAHCUMD
na ly, ... U max, wmo f(l;) = z;-, 20e 71, e ,Tk KOHEUHOE YUCAO UHMEPEa.nos Ha ocu R
NPUHAONEHCAULUE oG. B

Iycmov G* — obaacmo, cummempuunan G- ommocumenvro ocu R, a G* — obaacmy,
cummempuunas G omnocumenvro R. Tozda ¢yrryus

Fz) = {f(i), ecau z € GU (LLU---Uly),
f(@), ecau z e G,

kongopmmo omobpasicaem obaacmo G U (I U---Ul,) UG* na G U (71 u--- UZ;C) UG

N &2
/AN

G*

Puc. 17.2.

st nokazaresberBa Teopembl (17.2) moTpebyercst HECKOIBKO YTBEPKJICHHN O TIEPBO-
0Opa3HBIX PEry/IsipHBIX (PYHKIIAAX.
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1) G — obnacts B C. @yukiusa F — nepsoobpasnas f B G, eciu
F'(z) = f(2), VzeG,.
2) Eciu Fy, Fy — nBe nepoobpasubie f B obacru G, To
Fy(z)=F(2)+C, VzedG, CeC.

Teopema 17.3 (o cymecrBoBanuu tepBoobpasuoii). Ecau 6 obaacmu G dynkuyua f
HENPEPLIBHA, NPUUEM

[r@a-0 wee,
r
2de I' — zamxnymasn xycouno-zaadkas xpueas. Tozda

IF(z) = / £(6) de,

odna uz nepeoobpasrwr das f (20e a € G — Pukcuposarnas navarvran mouka, L'y, —
Kycouno-aaadkasn Kpusas om a do z enympu G ).

Tak:ke 11oHa00ATCs eI11Eé HECKOJIBKO MTPOCTHIX TEOPEM.

Teopema 17.4 (Mopepa). ITycmv G — odnoceasnan obaacmov 6 C, f — nenpepvisran 6
G pynruus, npuwém

JEGCLEIIRN
A
2de A — mpeyeorvran 3amrryman kpueasn 6 G.
Tozda f umeem 6 obracmu G nepsoobpasryio.

O 1) Bamernm, 910 U3 ycaoBus TeopeMbl Mopepa cie/yer, 9To MHTErpaJt mo Joboii
KOHEYHO3BEHHOI JIOMAaHO paBeH HYJIIO, TTOCKOJIbKY I JTIOOOM JIOMAHOW BO3MOYXKHO Pas-
OuMeHre MHOTOYTOIbHUKA, €10 OI'PAHNYEHHO, HA TPEYTOJbHUKH.

Puc. 17.3.

/ F(€)dE =0, VA,

A

rjie A — 3amkHyTas jomanas B G.
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Takum 00pa30M CUTYAIUIO ¢ JJOMAHBIMUA MOYKHO CBECTH K CHTYAIlUH C TPEYTOJbHUKA-
MM, TIPOBEJIA JIUArOHAJN U3 OJHON BepIIMHBL. VIHTErpasbl 10 3TUM TPEyTroJbHUKAM OyLyT
paBHbI Hys0. [Toc/ie cKJIaIbIBaHUs MHTEIPAJIOB 110 TPEYTOJbHUKAM OCTAHETCs TOJBKO UH-
TerpaJl 1o JIOMaHOM, IOTOMY YTO MHTEIPAJIbl 110 JUArOHAJAM COKPATATCH, T. K. HHTEIPH-
pyercst 10 HUM JIBaKJIbI (B MIPSIMOM 1 0OPATHOM HAIIPABJICHNN ).

2) Pacemorpum dyukimo F(z) mis dbukcnposanHoii Toukn a € G.

F(z) = / £(6) de.

rie A, . — npomsBosibHad jJoMaHasg B G OT a 0 2.
T. k. [ f(§)d¢ = 0, VA — zamkuyroit, T0 F(2) — He 3aBucut or BbIGOpa A, .. s
A

Puc. 17.4.

IpOU3BOJIbHOI TOUKH 2 € G pacemorpuM Kpyr B,.(z) C G u paceMoTpumM

F(z+ Az) — F(2)

A . YAz |Az| >

PaccmoTpuM Ipon3BosIbHYIO JTOMaHYIO OT @ K 2: Ag .
Hasa Az |Az| < r pacemorpum JgoManyto Ay yn. = Ny U [252 + Azl

Puc. 17.5.

Taxum obpasom,

Ferno-Fe) = [ f@d- [rea= [ rea

a,z+Az [Z,Z+AZ]

Torma
F(z+ Az) — F(2)

Az

~fe|=la; [ rowx-sele  any

[z;24+Az]
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IIpencrasum f(z) B Buje naTErpasa:

=5, [ 1@

[z;2+AZ]

DTO BEpHO, T. K.:
() =z+1t-Az, te0;1],

d¢ = Az dt.

CresioBaTesibHO:

1 1
1) = 5 [ 1@azdt = 1) [ at = 1)
0 0
Taxkum obpazom, paBeHcTBo (17.1) mpogo/KUTCst:
1
olz: [ vO-rena<zs [ n©-reie<

[z;2+Az] [z;2+AZ]

T. k. f — HenpepbIBHA B TOYKE 2, TO
Ve>0,30>0 VE>0:[E—2]<d = |f(&)—f(z)]<e.

MozkHO cuuTaTh, 910 § < 7.

1 / €
< — eldé| = — - Az =-e.
N 1981 = 1a7]

[z;2+Az]

Snaunt . A .
im L Ai_ () _ fa,

= F — nepBoobpaznas f B G. R
Bameuanme. 1) I3 Teopembr Mopepsl ciejyer, uro npu eé yeiosusx: f € CHG).
T. k. ectb nepsoobpasnast F' u F' = f — wenpepoisha B G.

= FeC(G) = FeclC>a),
T. e., B wactuocry, f € C1(G).

Teopema 17.5 (o crupanuu paspesa). [Tycmv G — oepanuuentas 00n0C8A3HAA 00.AGCTY,
npuuém cywecmeyem unmepsan (A; B), ede A, B € 0G u pazbusatom G na dee ozpanu-
yennbie oonoceasnve obaacmu G u Gay.
ITyemo pynruyua fr(k = 1,2) peeyaapna 6 obaacmu Gy u nenpepwisna 6 G U (A; B),
npuuém fi(z) = fa(2) daa Vz € (A; B).
Tozoa
fi(z), ze€G1U(A;B),

F(z) =
(2) {fg(z), z € Gy.
peayaapra 6 G.
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Puc. 17.6.

[ Eciim gng F € G BBIIOJHEHBI yCI0BUdA TeopeMbl Mopepa, To u3 3aMevYaHusd U3
Teopembl ciaepyer, uto F € CY(G). G — onnocesiznas, F — nenpepbisHa B G.

Paccmorpum Tpeyrosibauk B G (T. €. 3aMKHYTYIO TPEYTOJIBHYIO JIOMaHyt0). Bo3MOKHBI
3 caydas:

1) A C G1U(A; B);

2) A C GoU (4; B);

3) A nepecekaercs ¢ G1 u G.

B ciyuae (1), BHyTpH TpeyroJibHUKa f peryssipHa U HElPEPBIBHO MPOJIOJIZKAETCS Ha
rpanuity. CjeoBaTe/ibHO,

/fl(z) dz = /f(z) dz =0 (o reopeme Kormn).
A A

B cayuae (2) — aHAIOrn4HO.

B cayuae (3), Tpeyrosbuuk pasbusaercsa unrepsasom (A; B) Ha e JloMaHble, OjHA
u3 KoTopbix Jexkut B G U (A; B), a npyras B Go U (A; B). CrieoBareibHO, HHTEIPAJ OT
f 1o KazkI0i U3 3TUX JIOMaHbIX paBeH HyJi0. CKIaJblBasd HHTErPAJIbI 10 TUM JIOMAHDIM,

A

Puc. 17.7.

/}"dz:O.
A

CiiesloBaresibHO, 10 3aMedannio K Teopeme Mopepa, F € CH(G). B

IIoJrydaeM, 94TO UHTErpaJi

Teopema 17.6. (@opmysa Hvromona —Jletonuua) Hyems G — obaacmv 6 C, dynxyua
f € CHG) u F — nepeoobpasnas f ¢ G. Toeda dns mobvix mouex a,b € G u 1060t
Kycouno-anadkoll kpueot 'y, om a x b eepro caedyrowsee:

/ £(6)dé = F(b) - F(a).
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(] Mcnosib3yeMm TeOpeMy O CYIIECTBOBAHUU TEPBOOOPA3HOIA.
1) Iycre G — omnocBsIzHAs 0b6JjacTb, Torya mo reopeme Komm VIT — 3aMKHYTON
KYCOYHO-TJIaJIKON KpuBOil B G

JEGLED

Torma 1o Teopeme o cymiecTBOBaHUH IepBooOpas3noii mist f B (G, ecim BbIOpaTh Ha-
JaJIbHYIO TOUKY ¢ € (G, TO

Fy(z) = / f(&) d§ — nepBoobpasnas f.
Te,z

Puc. 17.8.

[To Teopeme Komm nis f B G:

[ roder [ o= [ .
Fea Fa,b Fc,b

Fy(a) F(b)
Takum obpasom,
[ 19 = Fa(b) - Fala) = F(b) - Flw).
Cap

T. K. F5(2) = F(2) +Cy, Cy € C, Vze G. Qopmyna Heiorona - Jleiibnnna mokasana
JJIsT OJHOCBA3HOM 00JIaCTH.
2) Ilycrs G — mpousBosibHAsA 00JIACTD.

Puc. 17.9.
T. x. I'yp — KOMHIAKT, TO MOXKHO BBIJICIUTH KOHEYHOE HYHCJIO OTKPBITBIX KPYI'OB
By, ..., By tak, 9T0o KpuByIo [’ MOKHO paszOUTh Ha KOHEYHOE YUCJIO IOCIEI0BATE/THHBIX

3BebeB: eper, Deyeyyo oo Tep1e, (@ =&, b= &),
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T. k. Kpyr — OJIHOCBA3HAas 00JIACTh, TO 10 MIEPBOI YaCTU JIOKA3aTEIbCTBA!

/ F€)de = F(&) — F(,-1), j=1.....k.

Fﬁj—lfj

CyMMupys JieBble U IIpaBble YaCTH PaBEHCTBA 110 J oT 1 10 k, mosydaem:

| 1©de= Y (F(E) - Fl&) = F(&) - F(@) = P() - Fla). ™

Ucnosp3yst 9T T€OpeMbl, MOXKHO JIOKa3aTh HpUHIUI cuMmmverpun (Teopemy (17.2)).

(] Hcrionib3yem TeopeMy O CTUpPaHUU pas3pesa.
U3 ycnosust reopemsl (17.2): F' perynsipua B G u

F'(z2) = f'(2) #0, Vz€ G (1. k. f — xoudopmuo B G.)

Pacemorpum Touky z € G*, n Beraucisiem F'(z):

Az Az
Tk 3f(Z) mazeGu f'(z) #0 B G.

Taxum obpasom, F koudopmua B G*.
Jlokaxkem, 9To F HelpepbIBHA B IPOU3BOJILHON TOUKe 2o € g Ul U -+ - U .

F(z+A2) = F(z) _ fz+A2)— () _ (f(E+E) - f(2)> _TE 40

ITo ycJioBuIO:

lim F = lim f(z) = f(z0).

eq o e
SHaunT,
Y 7= A £(2) = Iim f(Z) = f(=0).
z€G* Z*Ee%* zeG
z

Ho 1. k. f orobpaxkaer [ U---Uly B R, To f(20) = f(20), T. e. F HempepbIBHA B 2.
ITo Tteopeme (17.5) o crupanuu paspesa, F perymspaa B GU 3 U--- Ul UG* u B3auMHO

OJIHOBHATHO oToOpaxkaeT Ha G Ul U--- Ul UG*.

17.2. Knaccuydeckas 3ajada Jdupuxiie

Knaccuueckas 3amaua Iupuxie ma ypasaenns Jlammaca.
G — orpanndennag objacth B R?, G — KycouHo-ryajikas KpuBasi.

{A“ =0, (17.2)

u‘aG - uo(x7y>'

ug — HemnpepbiBHA Ha JG.
Umem dyuknumio v — rapmorndeckyo B G u HenpepbiBHyo B 3aMbikarun: u € C'(G).

Teopema 17.7 (eauHCTBEHHOCTH pelenust). B ycaosuax kaaccuueckot 3adavu JJupuxae
oas ypashenus Jlanaiaca pewernue pogHo 00HO.
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U Mcnop3yeM TPUHITAIT MUHUMYyMa U MaKCUMyMa JIJIsi TADMOHUYIeCKON (DyHKITHH.
[Iycrb uy u ug — jBa pemenns 3aaaun (17.2). Torga up — ug = V' — rapMoHmyecKast
B (G, npuyiém
V|8G = ul}aG - “2|6G =up — up = 0.

[To mpunIMIly MUHEMYMa U MAKCUMYyMa TapMOHUIECKOH (DyHKITNN /I OrPaHTICHHON
obnactu GG, mosrydaeM:
minV = maxV = V‘aG =0. 1
a a
Teopema 17.8. [Tycmv G — obaacmo 6 C. Qynxyus u — 2apmonuveckas 6 G, u nycmo
ecmb obnacmv D C C. Qynkuusa [ wougopmno omobpastcaem D wa G.
Tozda pynruus u(&) = u(f(§)) — eapmonuveckan ¢ D (€ € G).

(0 Ncnosb3yem CB3b rapMOHMYECKNX U PEYJISAPHBIX (DyHKIUIA.

[Iycrb & — npousBosibHas Touka B D. Pacemorpum B, (&p).

T. K. Kpyr — OIHOCBs3HAS 06/1aCTh, T0 G = f (B-(&)) € G — oanocBs3Has 00JaCTb.
Torga 1o Teopeme 0 BOCCTAHOBJICHHH DEry/IsAPHON (DYHKINM 1O NEHCTBUTEILHON YacTu
cymecrsyer dbynkiuga g € C1(G) Takag, uro u = Re g. Cremoarensno h(€) = g(f(£)) —
peryasipaa 8 D V¢ € D. Ipuuém u(§) = g(u(§)) = Reh = & — rapmonuveckasi B
B,(€). B cuty npousBosibHOCTH BhIGOpa &) € D mosydaem, 9To U — rapMoHuYecKas B D.

Teopema 17.9 (siBHBII BuI perenus 3a1aqu upuxiie B equananom kpyre). [Tycmo u —
eapmonuveckan dynwrkyus 6 Bi(0), ug nenpepvenas na 0B (0) dynruyua.
Toeda ¥z € B1(0), z=r-¢% re0;1], p € R:

2w

. 1 1—1r2 )
u(r-e¥) = %/ o cos(gor— e uo(e")df. (Hnmezpan I[lyaccona)
0

s nokazaresnberBa Teopembl (17.9) morpedyercs jiemma:

Jlemma 17.1 (Teopema o cpejiHeM jijist rapMorndeckoit dbyukun). ITycmo gynxyus u —
eapmonuneckan 6 G C R*. Ecau a € G u B.(a) C G, mo

2

1 .
u(a) = %/u(aJrrew)dgo.
0

(] Mcnosb3yeM cBA3b TapMOHUYECKUX (DYHKIUN 1 WHTerpaabayo dopmysry Korrn.
T. k. B,(a) — oxnocesizHasi obsiacth, 1o Jf — perynsipuast B B,(a) u Takas, 910
u=Ref. A1 k. f perynsipaa B B.(a) u f € C(B,(a)), To 110 unTerpaabHoii dopmyiie

Ko Vz € B,(a): X
-5 [ L

8By (a)*

[Iycth z = a, u, ¢ yuéToMm napamerpusanun, £(p) = a + 7 e u dé = rie dy:

2 2

1 f(€ 1 [ flatre?) : / |

= — > dfE = — e Z‘Pd — P d

f(a) 2m / E—a ¢ 2m ) a+rew —ame L flatre®)dy
8B, (a)+ 0 0


http://lectoriy.mipt.ru

http://lectoriy.mipt.ru 9us3 10
Jlexrus 17. TOKII

T. k. u=Re f, To

2 2
u(a) = Re (%/f(&—i—rew)) = %/u(aerew) [ |
0 0

Bameqanue. Popmyiia 13 TEOPEMbI O CPEJIHEM BEPHA U B CJIydae, KOIJIa U — PapMOHU-
geckas B B.(a), au € C(B,(a)) (T. e. HEOOs13aTEIBHO UTO ObI KPYT' € 3aMBbIKAHHEM JIEZKAJT
B (), T. K. MHTErPajl HEIPEPBIBHO 3aBHCHUT OT 7', KaK OT IIapaMeTpa.

Ucnonb3yst jeMMy 0 cpejieM jiokazkem Teopemy (17.9).

O 29 € B1(0) — npousBosibHast TOUKa B €JIUHUYHOM KpyTe. IlyceThb 2o = 79 €.

Haiinéres xondopmuoe orobpazkenue ¢: £ = g(z) xpyra {|z| < 1} na {|¢| < 1} rakoe,

910 g(z9) = 0. Hampumep,
zZ— 20

§=g9(z) =

1—?02’

O6patnoe orobpaxkenue z = g~ '(£) koudopmuo orobpaxaer {|¢| < 1} na {|z] < 1}.
Torna u(€) = u(g~*(€)) — rapmonuyeckas B {|¢| < 1}. U 1o Teopeme o cpejeM:

21

1 )
u(z) =u(0) = o /ﬂ(ew)dw
0
3aMeHUM TIepeMEeHHYO:
. o Z— 20

Ecmm z € {|z| = 1}, Torma £ € {|¢| = 1} (o npuHIuIy COOTBETCTBYS IDAHMII).
Hyist &, nexalneil Ha eJIMHIIHON OKPYZKHOCTH:

e —z,

= i<'0: i0 = —

nuddepeHIupyeM JIEBYIO U IPaBYIO YaCTU U BbIpaykaeM di).

i€ do(1 — zpe?) — (—Zgi e db) (e —2)

; Al _
eV dy = .
e (1—zg0)? ’
ew —Z0 dw o eiG d@(l — 20 ei@ +Z0 ei0 —5020)
1 _EO ei@ a (1 _EO ei9)2 ’
i — 1—2Zpe? (1 —r2)e B e(1 —r2)do
el —zy (1 —%Zpe)2 (el —z)(1 — Zpei)

T. k. 29 = 1o €'Y u Zgzg = 7“8, TO PABEHCTBO HPOIOJIZKUTCS:

o (1—r2)do B (1—r2)do B
(ei(’ —Zo)(e_ie —Eo) N 1— (ZO e~ +§0 ei@) + 2030 N
(1 —1r2)db B (1 —1r2)db

T 1- ro(eilP0=0) 4 e~ileo—0)) 2 1 — 2rgcos(py — 0) + ¢

[Toncrasiisast dip B unrerpad, nomydaercs dpopmysta [lyaccona. B
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Teopema 17.10 (cymiectBoBaHme perenns 3ajaqu Jupuxie B OHOCBI3HON 0b1acTh).
Hycmv G — oepanuvennan odnoceasnas ooaacmv 6 C. 0G — kycouno-zaadkas Kpusas.
Dynryua uy Henpepweha ra 0G.

Tozda cywecmeyem pewenue xaaccuveckol sadavwyu upuzae 6 G.

O TTo Teopeme Pumana 3f — kordopmuoe orobpazkenne G na {|w| < 1}. B Teopeme
(17.9) 6BLIO MOCTPOEHO pEIIeHNe KJIACCUIecKoi 3aja4au Jlupuxje B €JUHUIHOM KpyTe.
T. k. f~! — xondopmuoe orobpaxkenue {|w| < 1} ma G, TO 1O UPUHIUILY COOTBETCTBUS
rpanuty f~! HenpepbiBHO MpojioJzKaeTes Ha {|w| = 1} 1 B3auMHO 0/JHOZHAMHO OTOGpazKaeT

eé na 0G.
@ o

Puc. 17.10.

Torna dynxuus Uy(w) = ue(f~'(w)) menpepoisua na {|w| = 1}. Cnenosaresnsno, 1o
teopeme (17.9) maiinércsa u rapmonnmueckas B {|lw| < 1} m ﬂ‘aa = . Torma u(f(z))
(z € G) — rapmonndveckas B G 1o teopeme (17.8).

Bameuanue. B jokazarenbeTBe TeopeMbl Oblia BbIUCAHA sBHas (HhOPMYJIa JIs U, T. €.
JIOKA3aTeJIbCTBO OBLIO KOHCTPYKTUBHO.
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