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JIEKIINS 10

Boeigenenne peryiasspHBIX BeTBeil MHOTO3HAYHBIX (DYHKITHIA

B »sToit neknun Oyser paccMOTpeHa 3ajada BbIJIE/JeHUe PEryIapHbIX BEeTBEl MHOIO-
sHavuHbIX Gyuknuii In f(2) u {/f(2).

Obs3atesbhoe yenoBue Ha obsiactb G C C, B KOTOPOIi BBIJIEISIOTCH BETBH:

1) f € CYG) — perynspua B obiaactu G.

2) f(2)#0, Vzed.

Pacemorpum mMuOorosuaunyto dyukiwo Lo f(2).
Ln f(2): G — 2%,

Ln f(2) : {In|f(2)| +i(arg,, f(2) + 2nk), k€ Z}.

Toryna dbyukiust {/ f(z) onpenensiercs, Kak

(V/T@) 6 - 25,
(VT@) = V@) exp <““gfﬂf () + 2”’”), E— 0. m—1

n

Onpenenenne 10.1. Ilycrs I' — Kycouno-riaikas kpuas B obnactu G. Ilycrs

v ¢ [to;t1] = I' — momycrumas nmapamerpusanus I'. Oyuxrus suga w(t) = f(v(f)) — mapa-
merpusarust Muoxkectsa f(I'), re f(I') — Kycouno-riajkas kpusast. Torjga npuparienue
BJIOJIb KpHUBOii I aprymMenTa pasHO:

Ararg f(z) = Arargw(t) = Ay, arg w(t),

e w = f(z).

Puc. 10.1.

Puc. 10.2.
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PaccmoTpuMm cBoiicTBa pupaliieHus apryMenTa B0 b KpuBoil ['. B ykazaHHBIX Bbilile
YCJIOBUSX BBITIOJTHAIOTCS:

M dw . f(z)dz
Ararg f(z) =1 /f(z) ” =1 /F—f(z) :

Caedyem u3 anano2uuHo20 ceotcmea oaf Ar argw.

CsoiicTso 10.1.

CsoiicTo 10.2.

A1"1U1"2 arg f(Z) = AF1 arg f(Z) + AF2 arg f(Z)
Cne@yem u3 ceoticmea 10.1 u anaro2uvH020 c80LUCMEA urmezpanos.

CsoiictBo 10.3. Ecau f1, f» € CYG), fi(2) # 0, fa(2) #0,Vz € G, mo
Ararg(fi(2) fa(2)) = Ararg fi(2) + Ar arg fa(2),

fi(2)
f2Z

Caedyem u3 onpedesenusn 10.1 U anaro2usnoir c60TUCME 6eAUNUNDL A arg w.

Ar arg

= Ararg f1(z) — Ar arg fa(2).

CgotiictBo 10.4. Ecau G — odnoceasnasn obaacmyv (0baacmov, 6 Komopol A00as 3aMKHY-
Mas KPUBAA NPU HENPEPLIEHOT 0ehOPMAUUL CMAZUBLEMCA 68 MOYKY), Mo daf 1100017 3a-
MEHYMOUT KYCOUH0-2400K0T Kpueot 6 G 6uINOAHACNCA:

Ararg f(z) = 0.

Caedyem u3 ceoticmea 10.1 u mozo, 4mo

7'(2) )d L

f(z

I" samxnyman 6 G
no meopeme Kowwu, m. x. f € CHQ).

CsoiicTBo 10.5. Ecau 6 obaacmu G 0as 110601 3aMKEHYMOU KYcowHo-2aadkotl xkpueot I’
npupawenue Ar arg f(z) =0, mo dynryus euda:

¢(2) = po + Ararg f(z)

odna u3 menpepvishur eemeelt Argf(z) 6 G. 2y — dukcuposannas mouxa 6 obaa-
cmu G; po € Argf(z9); I' — npoussoavraa kycouno-zaadkas kpusas om zy do z 6 obaa-
cmu G.

O a) T. k. Ararg f(z) = 0, 10 ¢(2) He 3aBucur or BbIOOpa Kpupoii I, coennusiromeit
TOYKH 2 U Z.

0) U3 onpenenenng 10.1 cremyer, uro p(z2) € Argf(z), . e. ¢ — BerBb Argf(z).

B) T. k.

Ararg f(z) = Im/ %,
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!/

TO, T. K. 7 — HeNpepbIBHA U

[

r
J'(z)dz !
B obmactn G, nomyummM, 4ro [ ———— — oxaHa U3 1epBoobpasHeix — B obmactu G.
r f(2) f
f'(z)dz
T. e. f W — peryngpraa B objactu . 3HAYUT MHUMAasi 9acTh WHTErpaja — rap-
z
r
MOHHMYECKasl U HelpepbiBHAs (DYHKIIHSA. |

Teopema 10.1 (Csasb Mexy HenpepblBHbBIMU BeTBsiMu dyuknuit Ln f(z) u {/f(2)).
ITyemw 6 obaacmu G C C svinoaneno ycaosue:

fecCHa@), f(z)#0 Vzed.

Tozda:

1) Ecau 6 obaacmu G M02HCHO 6b10eAUMb HENPEPHIEHYIO 6EMEL MHO203HAUHOT Py~
yut Ln f(2) : h(2), mo ocmasvnve nenpepvienvie semeu Ln f(z) umerom suo:

hi(2) = h(z) + 2nki, ke Z.

2) Ecau 6 obaacmu G MOAHCHO 6b10eAUMD HENPEPUIEHYIO BEMBL MHO203HAYHOT PYHEK-
yut {/f(z) : g(z), mo ocmaavrvie nenpepvishuie emsu {/ f(z) umerom eud:

2rki
g(z)=g(z)e n , k=0,...,n—1

(] IIpu okazareabcTBe Oy/IeM UCIIOJIb30BATh TEOPEMY O IIPOMEXKYTOUYHOM 3HAUEHUH Hellpe-
PBIBHOM (DYHKITH.
1) Ecm h, h — nBe HenpepbiBable BeTBu Ln f () B 0bimactu G, T0:

M=) = f(2) h(z)—h
. (2)—h(z) _
oh(2) — f(2) } = e 1.

DTO BO3MOYKHO, KOT/IA
h(z) — h(z) = 2mik(z), k(z) € Z.

T. k. h(z) — h(z) HenpepbiBHa Ha cBs3HOM MHOXKecTBe G, T0 {27ik(2)} — cBsA3HOE
MHO)KeCTBO Vz € (G. DT0 BOBMOXKHO, ecin k(z) = const u He 3aBUCHT OT 2.
2) Ecin g, g — nBe nenpepsiBabie BeTBu {/ f(2) B obmactu G, To:

g2\
(m) N

g"(2) = f(2)
) 2mik(2)
A =e N z k=17
i@— ) k( ) 6{07 kK 1}

Amnajiormano HEePBOI YaCTHU JI0KA3aTEAbCTBA MOXKHO ITOKa3aTh, YTO k(z) = const u He
3aBHCHUT OT Z. B
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Teopema 10.2 (Kpurepwmii Bbimesnennsi perymasipabix Betseit Ln f(z)). ITycmv 6 obaa-
cmu G C C sepro:

feCH @), f(z)#0 Vzed.

Tozda ¢ G moocro swvidesumsv pezyaaprve eemeu Ln f(z) < Ararg f(z) = 0, das
mobot I — zamxnymoti xycouro-2aadkoti kpusoti 6 obaacmu G.

IIpumep 10.1. Paccmorpum obiacts G = C\[—1;1]. Bosuukaer Bompoc, MOXKHO Jin B
obnactu G BBLIEUTE perynasapubie Beteu dynkiuu f(2) = Ln((z — 1)%(z + 1)).

Puc. 10.3.

Haiinem nmpuparenne aprymeHTa:
Ararg((z — 1)*(z + 1)) = [coiicTro 10.3] = Ararg(z — 1) + Ararg(z + 1) =

= 2Ararg(z — 1) + Ararg(z + 1).

BosbMmeM mpon3BOIbHYIO 3aMKHYTYIO KPUBYIO.

Puc. 10.4.

[Iposenem BekTop n3 Touku 1 K kpusoii [';. Ecyim BeKTOp He 1MoBepHYJICST BOKPYT TOYKH,
to Ararg(z — 1) = 0. Arasornaso jyist To9kn -1 mosyanm, aro Ararg(z + 1) = 0.
Paccvorpum ipumep, Korja KpuBas [’y oxBareBaer Toukn 1 u -1.

Puc. 10.5.
B srom ciyuae Ararg(z — 1) = 2m u Ararg(z + 1) = 27, Torga nosydnm:
Ararg((z — 1)*(z 4+ 1)) = 6.

SHauuT 718 Takoil (PYHKIUU O OJIHOM W3 KPUBBIX ' pery/sipHble BETBHU BBIIC/IUTH
HEJIb34.
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z—1
ITpumep 10.2. Paccmorpum obnacts G = C\[—1;1] u dynknuio Ln T
z
z—1
Ar arg = Ararg(z —1) — Ararg(z + 1) =0,
Z ~~ o A ~~ 7

2mn 2mn

rJIe n — YUcJI0 06x010B KpuBoii I BoKpyr Touek *+1. [UtaBHOE, 4TOOBI KpUBas OXBaThIBAJIA

Puc. 10.6.

OJTHOBpeMeHHO 00e Touku. /Ij1s Takoit byHKIUN pery/spHble BeTBU B 001acTi G BBIICIUTH
MOZKHO.

g noxkazatenbcTBa TeopeMbl 10.2 JIOKaXKeM JIeMMYy.

JlemMma 10.1. Henviti sud peeyaaproti semesu,
Iycmov 6 obaacmu G C C wmootcno 6videaums pe2yssapHyro eemev h mmoz2o03naHol
dynrxyuu In f(z). Tozda:

f(2)
f(20)

2de zy — purcuposarnas mouka 6 ooracmu G; I' — npousdsosvhasn Kycouno-24a0Ka8 KPU-
sas om zg 0o z 6 obaacmu G.

Vz € G,h(z) = h(z) +In +iArarg f(2),

O Bynem uncronbzoBarh Tor dakt, aro Ararg f(z) — eInHCTBEHHAs BEJUYNHA, OIICHI-
Balolllasg HelpepbIBHOE W3MeHeHue yria BJoab Kpuboit . Ilycth dpukcupoBannasg Tod-
Ka 29 € (G. PacemorpuM nponsBoJibHYIO TOUKY 2z € G.

h(z) = In|f(2)] + i Im (=),

T. K. h — Bersb Ln f(2). Ipuuem Imh(z) € Argf(z) mo onpeeseHnio MHOrO3HAYHOMN
by, O6o3HaIIM
©(z) = Imh(z).

Paccmorpum pasnocThb

h(z) = h(z0) = In[f(2)| = In[f(20)] + i(¢(2) = (20)).

ITo mocrpoenuto h Buamo, uro ¢(z) € Argf(z) — xouer kpusoit f(I'),
©(z0) € Argf(zy) — nagamno kpusoit f(I'). IIpuaem yrou nerrpepsiBHO MeHsieTcst B1oJib f(I).
Cire10BaTEJILHO O TeOpeMe O HeIPEPBIBHOM M3MeHeHun yriia Bosb Kpusoil I' (Jlekmus
8) ecTb TOJIBKO OJ[HA BEJMUYMHA, KOTOPask OIKUCHIBACT HEIPEPBIBHOE M3MEHEHHE YIJIa BJIOJIb
kpusoit f(I'). T. e. 06s13aTeIbHO BBIIOIHAETCS:

o(z) — p(z0) = Ararg fw = Ararg f(2).
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Takum oOpazoMm, MOy IIM:

+iArarg f(z).

Jlokaxkem Teopemy 10.2.

O Bynem ucnonbzoBars jgemmy 10.1 u siBryio dopmyiy misg Bersu Ln f(2).
= Eciin B obstacti G MOXKHO BBIJIJIUTH PEryJISpHYIO BeTBb h dyHkImu Ln f(z), To
1o jgemme 10.1 nomyqum:

f)| .
h(z) = h(z2) + In ) +iArarg f(2),
f(20)
e zp — dpurcupoBannasg Todka B obyiactu (G. PaccMoTpum Npom3BOJIBHYIO KYCOTHO-

IJIAJIKYIO 3aMKHYTYI0 KpuByio ' a obactu G.

=)

Puc. 10.7.

Bribepem TouKy zp mHa xkpusoii ['. Torna juia z = 2y mosydum:

h(zo) = h(z) + In ‘% + iArarg f(z).

Orkyna ciemyer, 9TO
Ararg f(z) = 0.

< Ilycrs pjist 11000it KyCOIHO-TVIQJIKOM 3aMKHYTOI KpuBoil I' BepHO:
Ararg f(z) = 0.
Torna paccMoTpuM (DyHKITHIO

h(z) = In|f(2)] +i(po + Ararg f(2)),

e 2o — dukcupoBaHHas Touka B obactu G 9o € Argf(zo); I' — npoussosbHas KycoOIHO-
rIaJikasi KpuBast OT 2o J0 2z B obyiactu (G. DTa QpyHKIUs OnpeiesieHa KOPPEKTHO, T. €. He
3aBucuT OT BeiOopa [' or 2y 10 2.

Ecmu I'1, 'y — 1Be pasuble KyCcOIHO-TUIaKIEe KPUBBIE OT 2 /10 2 B obiactu G, 1o ['s U
' — 3amknyTasg kpuBasg B obgactr GG. 3HAYUT 1O YCIOBUIO TEOPEMBI TOJIY THIM:

Argur; arg f(z) =0,
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Puc. 10.8.

Ar, arg f(2) + A arg f(2) = 0,
AFQ arg f(Z) - Afl arg f(Z) = 0.

KoppekTnocts jiokazana. Tenepb jgoKakeM HENPEPBIBHOCTb.
T. k. o ycnosuto Ar arg f(z) = 0 st 11060ii 3aMKHYTON KyCOYHO-1JIa1KO# KpuBoii [
B obstactu GG, To 110 cBoficTBY 10.5 mosrydmm, 9TO

©(2) = o + Ararg f(z)

ofiHa u3 HenpepbiBHBIX BeTBeit Argf(z). T. k.

h(z) = In|f(2)| +ip(2),

To h — menpepeiBHa B obiactu G, npudem h(z) € {Ln f(z)}, T e. h — HempepbIBHas
BerBb L f(2).

Jlokazkem perynsgpHocTh B obtactu G, h € CH(G). PaccMoTpuM MpousBo/ILHYIO TOY-
Ky 21 € G.

Puc. 10.9.

[Iycte wy = f(z1) # 0. Bnaunt J¢ > 0 : B.(wy) # 0. Torna B kpyre B.(w;) MOXKHO
BBIJICJINTh PEryJISPHYIO BeTBb hy MHOrosHaunoil dyukiwn Ln f(z) (Jlekmus 9), . k. B
9TO 06/IACTH HET 3aMKHYTBIX KPHBBIX OXBATBHIBAIOIINX TOUYKY HOJIb.

T. k. f(z) HenpepbiBHA B TOUKe 21, T0 30 > 0 : f(Bs(21)) C B:.(wy). 3uauur B Bs(21)
MOZKHO PACCMOTPETh Pery/IspHyio Bersb Ln f(2) : hi(f(z)) = h(z). B kpyre Bj(z) ects
JiBe HerpepbiBHbIe BeTBU Ln f(2): h u h. 3nauur,

Vz € Bs(z1), h(z) = h(z)+ 2rki,

st HekoTopoit koucranTs k € Z. T. k. h perymsipua B Bj(z), 1o h € CY(Bs(z1)). B cuny
IPOU3BOJILHOCTH BBIGOPa TOUKHU 21 nosyunM, uro h € C(G). Teopema gokazana.
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Teopema 10.3 (Kpurepwuii Boiiesenust peryaspabix setseit i/ f(2)). Hyemwv obaacms G C
C. Iycmo
feCH@), f(z)#0VzeQG.

Tozda 6 obnacmu G mooicho evideaumsv peeyasprovie eemeu {/ f(z) < Ararg f(z) =
2mnk(I"), k(D) € Z, dasa w0601 kycouno-2aadkot samrnymot kpusot I' 6 obaracmu G.

g nokazatenbcTBa TeopeMbl 10.3 JIoKaXKeM JIeMMYy.

Jlemma 10.2. Henwi sud peeyaaproti eemsu ¥/ f(z). Ecau 6 obnacmu G C C wmoorcho
suidesumn pezysapryro eemev ¢(z) dynkuyuu {/ f(z), mo asnui eud dynryuu:

i(Ararg f(z))
Vz € G,

ede 2y — ¢ukcuposarras movka 6 obaacmu G.

O Ilpu nokasarenberse Gyaem HCHoib30BaTh Teopemy 10.2 u ¢Bsa3b MexK ity BeTBsimu Ln f(2)
u Y/ f(2).

1) Iycrs obsactu G oguocssaznasi. Torma o coiictey 10.4 Ar arg f(z) = 0 ayist ir060i
KYCOYHO-IIa KON 3aMKHYyTO KpuBoil [' B obnactu G. CienoBarenbho 1o teopeme 10.2
HOJTY TUM:

h(z) = In|f(2)| +i(po + Ararg f(2))

ofa n3 peryapHbix Berseil Ln f(z) B obmactu G. zp — dukcupoBannas To4ka B 00JIa-
cru G o € Argf(zo).
Ecim pacemorpers dyHKImo

h(z)
i) =c n

TO BU/HO, 4TO0 §(2) — perynspuasd, T. K. h € C1(G), npuaem

i(po + Ararg f(2))

onHa u3 BerBeit ¥/ f(z).

3ameTnM, UTO JUId § BBINOIHEHA (opMyJIa U3 ycaoBus JeMMbl 10.2.

@
9(z0) = VI f(z0)[e 1.

[To Teopeme 10.1 sBe HEmpepbIBHBIE BETBU ¢, § MHOrO3Ha4HON byHKIuu {/ f(z) B 00~
nactu G CBA3aHbBI CJIEIYIONMNUM 00pa30M:

2kt
g(z) =g(z)e n
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riae koucranta k € {0,...,n—1}Vz € G, =

i(Ararg f(2))

n

Puc. 10.10.

[Iycte 2z — mpomsBosbHasg Touka B obsactu (G; I' — mpomsBoJibHAS KyCOTHO-TJIATKAS
KpuBas oT zp Jio z B obnactu GG. T. k. [' — KoMITakT, TO CyIeCTByeT KOHEYHOE UHUCJIO
OTKPBITBIX KpyroB: By, By, ..., Bg Takoe, uro UB; D I', B; C G, npuuem I' pazbuBaercsa
Ha KOHEYHOE YUCJI0 KPUBBIX

F&méu F£17£27 s ’Ffi7§i+1’ s 7F§k»§k+1’

TakK, 94TO F§i7§i+1 C Bj, 50, ... 7£k+1 € F,I‘,ZLG fo = 2o, 5k+1 = Zz.
Hns xaxxmoro j € {0, ..., k} cupaBenymBo: B; — oQHOCBA3HAS 00IACTH => 110 IyHKTY
1 sToro mokasarenbeTBa JId ¢ B B, BBIIOJIHACTCS:

Z.(Argi,gi+1 arg f)

Torna mosryydnm, 9To

9(&1) 9(&)  g(&k+)
9(50) 9(51)”' g(fk)

f(&) f(&)  f(&ktr)
f) f(&1)  f(&)

i(AFEval arg f + AFELEZ arg f +--- + AFEkx§k+1 arg f)

.e n

OxoHYaTeILHO IIOJIy YU M:

i(Ararg f)

e n

9(2) _ [ f(2)
9(20) f(20)

okaxkem Teopemy 10.3.
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Puc. 10.11.

U B obmacru G MoxkHO BBIIEAUTDH peryispuyio BerBb {/ f(2). Ilycts I' — mpous-
BOJIbHAS 3aMKHYTasl KyCOUHO-IJIa IKas KpuBas B obyactu G
Beibepem 2y € G. Torma o siemmve 10.2 aBublit Bux dyHkimn g B obiactu G:

i(Ararg f)

I' — kpuBas oT 2y s10 2 B obsactu G. Ecian B3a1h 2 = 2, TO

i(Ararg f)
=

i(Ararg f)
=e n =1
SHauwur,
% =2mik(l"), k()€ Z.
Ararg f = 2mik(T).
[IycTn

Ararg f =2mik(I"), k(') € Z,

JUTst JTI00O0H 3aMKHYTO# KycoduHO-TUIa kot Kpusoit ' € G. Paccmorpum dyHKITNIO

i(po + Ararg f(2))

g9(z) = V/f(z)e n )

rje zo — ukcupoBanHasi Touka B obactu G wg € Argf(zo).

Puc. 10.12.
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T. k. o ycJsoBuIoO:

Ararg f = 2mik(T"), k() € Z,

JUT JTI000H 3aMKHYTO# KycO4uHO-TJIaIKoit Kpusoit I' € G, To

i(po + Ar, arg f(2)) (o + Ar, arg f(z) + 2mnk(T))
e n =e n =

i(o + Ar, arg f(2))
= e n e

Buauenue g(z) He U3BMEHUTCsI TpK BeIOOpe pasubix '] u 'y, 1. €. g(2) 3a11aH0 KOPPEKTHO.

Us Buga g BumHO, uto g(2) € Y/ f(2),Vz € G.
[Tokazkem, uro g(z) € C1(G). PaccMoTpuM TIPOUBBOIBHYIO TOUKY 21 € G.

Puc. 10.13.

[Iycrs Bs(z1) C G qyis HekoToporo 6 > 0. T. k.

wo + Ararg f(z) € Argf(2),

TO, €CJIM BbIOpaTh KpuByto I' oT 2y 710 z; U BBIOpaTh

01 = o+ Aparg f(2) € Argf(z1),

TO IIOJIY9IHUM:
i1 + Ararg f(2))
9(z) = VIf(z)|e n . Vz € Bs(z).
T. k. Bs(z1) — omHocBs3Has obaactb, To Ararg f(z) = 0 mus sm06oit 3aMKHYTOI

kpusoit I'. CrenoBarensro 1o Teopeme 10.2 B Bs(z1) MOXKHO BBUIEJUTH PErYJISIPHYIO
BeTBb Ln f(2).

h(z) = In[f(2)| +i(e1 + Ar, arg f(2)).

[ne HavasbHbIi yros 66wt BeIGpaH 1. OTkyaa BugHO, 9T0 V € Bs(21)

hz)

g(z) =e n  — perynspua B Bs(2),

T. K. h € Bs(z1).
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