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JIEKIINS 15

pobHo-mHeltHbIe (DYHKIINM U UX CBOICTBA

15.1. IpobHOo-1uHeliHbIe DYHKINN

az+0b
f(z) = ora e a,b,c,de C, ad—bc#0,
T. €. IpoOb HE COKPAIAETCS.

HoompeieimM 110 HEMTPEPBIBHOCTH:

1.e. f orobpaxkaer C na C.
B kakux obiacrax f ocymiecTBiisieT KOHPOPMHOE 0TOOparKeHue?!
Bamernm, aro ecm ¢ = 0, To pu d # 0

a b
f(z)==2+-==Az+Db
d d
— JImHeiiHoe OTOOparKeHne IIOCKOCTH. [l Hero Bce HUXKECIeLyIOne CBOMCTBA BEPHbBI
(sicho w3 Kypca JimHeitHo ajrebpbl). Jdasee (s mpocTorsl) cauraem, 9ro ¢ # 0.

Teopema 15.1 (KoudopmuocTsb IpOOHO-IHHEHHBIX @XHKHI/@). Iycmoy f — dpobno-
aunetnan pyruxyus. Toeda f wongopmmno omobpasicaem C na C.

[ Jlna mokazaTeabeTBa UCHOIb3yeM olpeeaeHne KOHMOPMHOCTH B 00J1aCTH, B OOBITHBIX
TOYKAX M B OCOOBIX TOYKAX.
1) Jlokaxkem B3anmuyto oguosuadnoctsb [ B C.

az+b
Bripazkaem z 1qepes w:
b—wd
w-cz+wd=az+0b, z(cw —a) = b — wd, z = e
cw—a

Torna z — npobHO-MHEHAsT DYHKIHS, oOpaTHad K f, npuaém

e G A

T.e. f~! 3amana na scem C.
SamevaeM, ITO

(=d)(=a) —bc #0,

T.e. JpoOb He cokparaercd. Takum oOpas3oM, f B3aMMHO OJHO3HAYHO OTOOparkKaeT
C na C, npuuém f~! — apobGHo-uneiinas.
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2) IIposepsiem korbOpMHOCTEL BO Beex Toukax u3z C. [Tycrs zg # 00, —%. Torna

azo—l—b)/_ a(czo +d) — clazg +b)  ad—bec 40

f(z0) = (czo +d (czo + d)? ez + d)?

T.K. ad — be # 0.

Ilycrb 2zp = —2 — nosmoc 1 nopsxa. Ilo onpesenennio KoHPOPMHOCTH B MOJIOCE
[IePBOTrO MOPSIIKA U3 MPEIbLLYIIelt JIEKIINI HAJI0 PACCMOTPETh (DYHKIHUIO ¢(z) = f(lz)
U [IOCYUTATDH €€ MPOU3BOJHYIO B 9TOI TouKe. PacemoTpum

(2) = cz+d\"  claz+b)—alcz+d) b-c—ad
J az+b) (az + b)? ~ (az +b)?’
d bc — ad bc — ad c?

/ 2
B = = 0.
g( c) ( ad >2 (bc—ad)Zc bc—aaﬁ”é
—— b

c

d .
T.x.c#0, 10 g KOH(l)OpMI;a B Touke —%. Torya 1o onpeenennio u3 npepLLymei
neknun f koudopmua B —2.

[Iycth 29 = oo — ycrpanmmas ocobas Touka f. Torma mo onpejiesieHUIO U3 IPeIbl-

1
Jymieit Jiekin Hajio pacemorperb dyukiuio h(§) = f E U IPOBEPUTH €€ KOH-

dopmHOCTE B TOUKe &) = 0:

e g+b atig

Mf:c%+d_c+%’
oo b(dE+c) —d(bE+a)  be—ad
M= T aer e T aEror
h,(()):bc;ad#o’

T.K. bc —ad # 0, ¢ # 0.
|

Teopema 15.2 (Kpyrosoe cBoiicTBO JApOOHO-JIMHEHHBIX OTOOpazkeHuit). /[pobHo-asunetinas
Pynryus [ npamyro uau oxpyoscrocms I' nepesodum 6 npamyro usu okpysrcnocms f(T).

[ Jlyst moka3aTeIbeTBa UCIOIb3YEeTCA TO, YTO 9TO CBOHCTBO BEPHO i (DYHKITIH %
[Iycts dynkmms

az+0b
f(z) = ot d rie ad — be # 0.

[Tocie puBeieHust 1pobu K mpaBmiIbHOMY Buy f(z) umeer Bu:

B
— A+ — A B, C eC.
w = f(z) +z—|—C’ rne A, B,C €

Bungno, uro f aBisierca cyneprio3unueii TaKux QyHKITHIL:
1) ITapaJuiesbHblii IepeHOC TI0CKOCTH HA BeKTOp ('

zo=fi(z) =2+C, rtmeCeC.
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1

Z3 = f2(22) = 2—2

su= fo(z) = Bz = |B] -6

DT0 MOBOPOT BOKPYT HYJIs Ha yroJ arg,, B u pacrszkenue (cxkartue) ¢ meaTpoM 0 u
ko3 durerTom |B.
4) mapaJuleJibHBIH 1epenoc Ha A:

w = fi(z1) = 24+ A.

T.e. w = f(z) = fu(fs(fo(f1(2)))). dcno, uro f1, f3, f4 — nuHeiiHbIE, T. €. HE HAPYIIAIOT
KPYTI'OBOE CBOIICTBO.

Pacemorpum orobpazkenne w = f(z) = % JlokazkeM, 9TO JIjIsi HENO BEPHO KPYLrOBOE
cBoiicTBO. BhINMchiBaeM ypaBHEHHeE:

A@*+1y*) +Bx+Cy+D =0, ABCDEeR, A’+B*+C*+D*>0,

Ho A = 0 He UCK/IOYaeTCsA. ITO ypaBHEHNE WM OKPYKHOCTH, WJIH TPAMOM, WIN TOYKH,
WJIN TyCTOTro MHOXKecTBa. [IponsBommm 3ameny

z=x+1y, N T =

Z=x—1y. Y=

[Tojcrapiisisi B ypaBHEHHE, [IOJTYIaeM
Alz-Z)+F-2+F-Z+ D=0 tne F,F €C,
B iC

F=—"4— F =
2+2’

PaccmarpuBaem orobparkenue w = % Torna

W [=

= w. [Ipm orobpazkenuu MmoJTyInM

1 1 1 =1

A-(—-:)+F~—+F:+D:O.
w W w w

Hroro:

A+ Fo+Fw+D-w-w=0.

[Tomyunsioch ypaBHeHHE TOTO XKe THUIA, T.€. WIN OKPYKHOCTH, WJIA IPAMOM, NN TOUYKH,
WA IIyCTOI'O MHOXKECTBA.

T. k. o Teopeme 15.1 f — B3auMHO-0OIHO3HAYHOE OTOOpAXKEHUE, TO IIPU OTOOPAYKEHIH
MIPSAMO# WM OKPYZKHOCTU HE MOKET IMOJIYIUThCH TOYKA UJIU MYCTOE MHOYKECTBO. [

Samevanue 15.1. Bo3aMoKHBI Bce 9eThIpe cirydasi (Iepexo/1 MpsiMOoii B IIPSMYTO HJIH OKPY K-
HOCTb, TIEPEX0J OKPYZKHOCTH B MIPSIMYIO UM OKPY?KHOCTB ).

IIpumep 15.1.
1
w=f(z2) = o
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OkpyxKHOCTH |2z — 1| = 1 mepexoauT B MpsAMYIO, T. K.

1 1 1—21
2= = 0 141 = .
—>2, — 00, +z—>1+i 5

Mo2KHO 3aMEeTUTh, ITO P 0TOOPAYKEHIT % JefCTBUTEJIbHBIE YUCJIa IEPEXOIAT B JI€HCTBU-

TebHble. B MCXOIHO# OKPYKHOCTU yTOJI MEXKJIy KacaTeJbHON K OKPYKHOCTH B TOYKE 2

1 npamoit R ecthb 7, T. K. KOHPOPMHBIE 0TOOPaXKEHHsT COXPAHAIOT YTJIbI, TO yTOJI MEXKJLy

IPSAMOM M OChIO & B TOUKE 2 JOI?KEH COXPAHUTHCH, MMOITOMY BMECTO TOYKHU 1 + ¢ MOYKHO
OBLJIO UCIIOJIB30BaTh 3HAUEHUE YTJIa.

A A
Puc. 15.1.

ITpumep 15.2. Oxpy:RHOCTH |2 — 2| = 1 mepexouT B OKPYZKHOCTh:
1
1—1, 3 — 3 R — R,

I03TOMY B 0O0MX PacCMOTPEHHBIX 0Opa3ax yroJi ¢ JIeHCTBUTEIbHON OChIO JIOJIZKEH OBbITh

T 2
- CDHpra, COOTBETCTBYIOIMadA 3TOMY YCJIOBUIO — OKPY?KHOCTH C IIEHTPOM B TOYKE 3 U

3
pajmycoM 3 : |z — 3| = 1.

Puc. 15.2.

IIpumep 15.3 (C npsmbivu). Pacemorpum npsimyto x = —%. Touxka —% — —2,00 = 0—

MIOJTy YaeTCsd JIMHUSA, IPOXO/IAIIas Yepe3 3T TOYKU. TaK KaK yroJy B MEPBOI TOYKE C OCHIO

R 6b11 5, TO 1 B obpase 9TOfi TOYKH, TOUKE —2, yroj OyJeT Tak Ke IIPAMBIM. DTOMY

YCJIOBUIO COOTBETCTBYET OKPYKHOCTH |z + 1| = 1.

ITpumep 15.4 (C npsvbivn). Pacemorpum npsivyio y = x. Canraem TOYKH:

1—1

1
0 — oo, oo — 0, 1+1— —— =

Ob6pas mpsaMoii — mpsiMasi.

Taxum obpasom, Bce 4 cirydas BOSMOXKHBI.
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4 RoR 4
/\
o=1/2 |241/4|=1/2
71/2 > 72 T O 7>
Puc. 15.3.
A} A
T=1 =Y

Y

N
T 14
I

S

Puc. 15.4.

Samevarue 15.2 (Kpurepnii nepexosia B ipsimyio). Ilpsimast wim okpyzua0CTh ' Ipu 0106~

parkeHun
_az+ b

f(z) =
cz+d
nepeiier B IpsAMyIo, a He B OKPYKHOCTD <> —% € I' (upsiMast OT OKPYKHOCTH OTJIMIAETCA
TeM, ITO MpsiMast IPOHJIET Yepe3 00, a OKPY?KHOCTb — HET).

Onpepesnenne 15.1 (CuMMeTpUIHOCTb TOUEK OTHOCUTEILHO OKpy2KHOCTH). [lycTh [N —
OKDPYXKHOCTb BUza {|z — 29| = R}, tiae zp € C, R > 0. Toukn z, z* cuMMeTpUYIHBI
OTHOCHUTEJIBHO [', ecin BBITIOJTHEHO:

1)

arg,,(z — z) = arg,, (2" — 2),

T.€. TOUKH 2, 2* JIeZKAT Ha OJIHOM JIyde, BBIXOJAIIEM U3 IEHTPA.
2)
|z — 20| - |2* — 20| = R2.

C“II/ITael\A 9TO TOYKU Zgp U OO — CUMMETPUYIHDBI I' K 'y OTHOCUTEJILHO .
) 0

I

Puc. 15.5.

Teopema 15.3 (Coxpamnenne CUMMETPUE [IPH JIPOOHO-TTMHERHOM 0TOOpazkerun). [ycmo
MOYKY 2, 2% CUMMEMPUUHDL OMHOCUMENLHO NPAMOT usu okpystcrocmu I, mozda ecau
f — dpobro-aunetinoe omobpasicerue, mo w = f(z), w* = f(z*) — cummempuuro, om-
nocumenvro f(I).
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Jlemma 15.1 (Kpurepuii ciMMeTPUIHOCTH TOYEK OTHOCHTEIBHO OKDYKHOCTH). [Tycmo
I' — npamas uaru oxpyosrcrocmo. Tozda eepen caedyrowuli kpumeputi: mouky z, 2* —
cummempuios ommocumentio I' < VI — npamas wat okpysrcnocms, nporodauas wepes
2z, z* 6ydem obaadamv ceoticmeom: T L T.

r /“ r

Puc. 15.6.

0 Jlast qokasaTesbCTBa MCIOJIB3YETCs TeopeMa O KacaTeJIbHOM M CeKyIleil N3 MIKOJIbHOM
reOMEeTPUH.

Iycrs I — upsivast, 2z, 2* cuvmerpransl orrocuresso I, Ecan I' — npsmas, o
OYEBUJTHO:

*

z

Puc. 15.7.

Ecmu I' — okpy:KHOCTB, TO €€ TIeHTD 2 JOoJIKeH JiexkaTh Ha ['. /lasiee oueBuiHo:

Z I
I A

Z*

Puc. 15.8.

Iycrs I' — okpyzHOCTh. B I — mpsimast, TO 2, 2* JOJKHBI JI€KaTh Ha Hel, I OHA
IIPOXO/IUT Yepe3 MeHTP OKPYKHOCTHU 2y, & IIOTOMY OHA il OPTOrOHAJIbHA.

[Iycts I' — OKpPYy?KHOCTB, r — OKPY2KHOCTb. Kciim M3 TOYKHM 2y NMPOBECTH K r (& —
TOYKa KACaHWUsl), TO COIJIACHO TeOpeMe O KacaTeJIbHON U CEeKYIIeil, eciu U3 OJIHON TOYKU
BHE OKPYKHOCTH K OKPYKHOCTHU IPOBEJICHBI KacaTebHad U CeKyllasd, TO TOr/ia KBajpaT
JJIMHBI OTPEe3Ka KacaTeJbHOI paBeH IIPOM3BEJICHUI0 KOPOTKOU CEeKyIleld Ha JJINHHYIO, T. €.
B HaIlleM CJIydae

€ = 20f* = |2 — 20| - [2" — 20| = R,

T.K. 2, 2% TI0 YCJIOBUIO CUMMETPUYHBI OTHOCUTE/ILHO [ T. €.

|€—ZO|:R = £EF
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Puc. 15.9.

Torya kacaresbHast K I yepes £ OyJier nepreHuKyasipHa pajuycy [2o, £]. Tloaromy kaca-
tesbuble B Touke K ' n [ mepnenukynapusl, a ciaegoBaresabao ' L I' B Touke &.

Puc. 15.10.

[Iycte I' — npsamas, u jiobas I — OKpy>KHOCTh WU IPAMasd, IPOXOJIdlas depes
z, 2%, nepnenukynsgpua ['. Ecim B3ga1s npamyto ', To z, 2* jexkar Ha MepHEHIUKYIIPe
kI

Puc. 15.11.

Ecmu I' — okpyzKHOCTB, TO, T. K. OHa neprenaukyadapaa [', nmeatp I' — Touka zp € I,

T. €.
|z — 20| = |2" — 20].

C y4éToM MpeablAyINnero mojaydaeM, 9To 2z, 2* CHMMEeTPUIHBI OTHOCUTEIHHO [ .

Puc. 15.12.

IIycrs I — okpyzknocrs. Ecim I' — npsmast, To T’ ipoxour gepes z (menrp T).
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Puc. 15.13.

Iycrs I' — okpyzkuocTb. Torma U3 HEHTPa OKPYZKHOCTH IIPOBOIMM KACATEILHYIO I
cexyyio K I'. Ecitut 2, 2* J1e:Kat 110 pasHble CTOPOHBL OT 2y, TO HEBO3MOKHO H3 2o [IPOBECTH
KACATEe/IBHYIO K [ (moToMy 4TO Zg JIEXKUT BHYTPH f‘) Taxkum obpazom, z* u 2z Jjexkar 10
OJIHY CTOPOHY OT Zzg. T.K. ' L I, To KacarenbHas u3 2y K 1’ kacaercss I B Touke Eel.

& Py
P

d Ia

Puc. 15.14.

Torma |€ — 29| = R, HO 110 TEOpEME O KacaTeJIbHON U CeKyIeil u3 Kypca CpeIHeil MTKOJIbI
U3BECTHO, 9ITO
|2 = 20| - [2" = 20| = |€ = 20|” = R?

Torna z, z* cuMMeTPUYIHBI OTHOCUTEJILHO [, |

O JTokasareabcTBo TeopeMbl 15.3 (aBazK /bl ucosb3yercs jgemma 15.1).

[Iycrs w = f(z), w* = f(z*), z, 2 — cUMMeTPUYIHBI OTHOCUTEIHHO MPSIMON W
okpyxuoctu I'. T.x. I' — npsimast wiu oKpy»KHOCTB, To 110 Teopeme 15.2 f(I") — mpsimas
WM OKPYZKHOCTb.

PaceMOTPHM [POU3BOJIBHYIO L'y — IPSAMYIO HIIH OKPYZKHOCTb TAKYIO, 4T0 w, w* € L.
PaccmarpuBaem

f7H (L) =T

T.x. o Teopeme 15.1 f~1 — apobmo-mmmeiinas dynkmusa, To mo Teopeme 15.2 I'y — mpa-
Masl WM OKPYZKHOCTb, IMPOXOJIAIIasl Yepe3 TOuKH z, z* (T.K. w,w* € fQ) Tk z, 28 —
cumMeTpudHbl oTHOCcUTebHO ') To I'y L I mo semme 15.1. T. k. f xoudopmua B C wu,
CJIEJIOBATEILHO, COXPAHAET YTJIbl MEXKTy KPUBBIMHU, TO

f@) L f(y) =T,

T.e. g ponsBosbHO BBIOpaHHO# 'y — NPAMON MM OKPY2KHOCTH, IPOXOJIAIIeil 1epes
w, w* mokazamu, aro 'y L f(I"). Torma mo memme 15.1 Toukn w, w* cuMMETPHIHBI OTHO-
curesbHo f(T). |

ITpumep 15.5. Haiitu Bce pobHO-THMHENHBIE OTOOPAXKEHUA BEPXHEH MOJIYIIJIOCKOCTHA Ha,
€IUHUYHbIA KPYT.
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%
7

/Z
az+b

Nmerca bynkmusa suga f(z) = 2 ~q- Heobxoumo HalTi 3 KOMIUICKCHBIX IapaMeTpa.
[Iycrs st f touka zg € {Imz > 0} mepexomur B 0 (B 1menTp kpyra). Torma
f(z) = =, Cornacno Teopeme 15.3 TOUKH, CHMMeTpPHYHEIC OTHOCHTEIbHO I', mepexo-
JISIT B TOUKHU, cuMMerpudnbie otHocuTesibao f(I7). DTo, Hanpumep, Touknu zy u Zp. T. K. f
B3aMHO-0/IHO3HAYHO oTobpazkaer Bcé C, To Torma R — |w| = 1. T. K. 29, Zo CHMMeTPUUHbI

orHOcuTesibHO R, TO 10 Teopeme 15.3 ecsm f(zp) = 0, TO

Puc. 15.16.

zZ— 20

f(Zo)) =00 = f(z)=A:

Z—zo'

[Tosb3yemcest yeaoBueM, 110 R — |w| = 1 | nosnyuas, B gactaoctu: |f(1)] =1 (1. e. seskur

Ha OKpyzKHOCTH |w| = 1)
A W /%
1 /

N\

Z

P

e

N
§

Puc. 15.17.

CunraeM:

1—2 )
L= = A 2 A= vae D2

T. K. TOYKHU 2o U Zo paBHOyasienbl oT ocu R. Torma

Z— 20

fz) =e*

Z—Eo.

DTHUX yCJIOBUIL JOCTATOTHO, TIOCKOJIBKY 13 9T0it hopmyisl cieyer: f(zo) = 0, f(Zo) = oo.
CrnemoBaTenbHo, och R, OTHOCHTEIBEHO KOTOPOIT CHMMETPUYHBI 2o U Z(), HEPEXOJNT B TMHUIO
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{lw| = R > 0}, orrocurensHo KoTOpOii cummerpuanbl Touku 0 u oo. Ho usz |f(1)] = 1
caeayet, uro R = 1. Takum obpazom

jw] <1,
jw] > 1,

R—{|w[=1} = f({Imz>0})= {

T. K. obsracThb nepexoaut B obsactb. T. K. f(z9) = 0, To obpa3 pasen {|w| < 1}.

ITpumep 15.6. Haiitu Bce jpobHO-IMHENRHBIE OTOOPaXKEHUsT €IMHIIHOTO Kpyra Ha, eJId-

mrameit kpyr ({|z] < 1} = {|w| < 1}).
7 W
% @
w

Iyers 29 @ [2] < 1, f(20) = 0. Torja cummerpuvnas efi TOUKa 5~ OTHOCHTE/IBHO
eJIMHUIHOf OKPYKHOCTH TIEPeiIET B 6ECKOHETHOCTD

o7

Puc. 15.18.

1 B 20 . 20 |Z | 20 -
— == =0 ol | gl =
20 20" %0 |20/ |20/
T.e. f(5;) = oo. Takum oGpasom,
zZ— 20 ~ 2 — 20
—A —A
f<z> z — L 1-— EO c 2

Cunraem f(1). T.x. {|z| = 1} — {Jw| = 1}, o |f(1)| = 1. Takum o6pazom

1= _ - .
L= = A 222l 14 5 A=e0 vaefo2n),
|1—Zo|
T. €
, Z—z
flz)= em'l——io?z’ rae « € [0,27), |zo] < 1.

Anasiormgso npumepy 15.5 MOXKHO MOKa3aTh, YTO 9TUX YCIOBUI JOCTATOYHO.
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