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JIEKITNS 8

Teopusi BerteroB (npomoskenne). [Ipupainenune aprymenTa 2z
B/IOJIb KOHTYypa

8.1. Boiunucijienne HecoOCTBEHHBIX MHTEerpaJjioB B R gepe3 BbIYeThbI

YrBepxkaenne 8.1 (Haxoxkienne nHTErpaia B CMbIC/IE IVIABHOTO 3HAYEHHSI I€PEe3 BbIUe-
Th1). Ilycrs dbyHKIWs f peryasipa B BepXHeil MOJTyILIOCKOCTH:

feC*{Imz>0\{ar,...,ax}), Tmeay,...,a; € {Im z > 0},

X X X

a’l ak
/%

Puc. 8.1.

feC{Imz>0\{a,...ax}, M(R) = max |f(z)],

zeCr
e
Cr=A{lz| =R, Im z >0}, VR>D0.

[TIycth Takxke

M(R)-R —— 0.
R—+o00

Torma

(v.p.) / f(x)dr = 2mi (Z rcgs f) :

=1

WNurerpas B cMbIcje TJIaBHOTO 3HadeHus 1o Korm:

(vp.) 701“(96) dr= lim /R f(x)dx
—c0 “R

Ecim (Up) CXOOUTCAd, TO U3 9TOI'O HE cJIeAyeT, 4HTO NHTEI'paJl B OOBIYHOM CMBICJTIE CXOaUTCHd,
HO U3 CXOAMMOCTHU B OOBIYHOM CMBICJIE CJIeJyET CXOAUMOCTDb MHTEI'DaJla B CMBICJIE (Up)

IIpumep 8.1.

HO pacxoguTcd B OOBIYHOM CMBICJIE.
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Jlexiua 8. Teopusa BbraeroB. llpuparenne aprymMenTa z BJ0JIb KOHTYPa

y
C'+
X R
ay x
a, ay
R R
Puc. 8.2.

[ Jlng mokasaTe/ibCcTBa UCHOJb3yeTcs Teopema Ko o Beraerax.
Pacemorpum Cp, tiae R 1ocTarodHo Besnko, 9T00b1 C'r BKIIIOYAIO BCEe 0COOBIE TOUYKH.
Pacemarpusaem obmacts G(R) = Br(0) N {Im z > 0}. T.k. ocobbix To4ek misg [ B
BEpPXHEl MOJIYIIOCKOCTH KOHETHOE THCIIO, TO

ElR() : VR> RO A1, ..., 08 € G(R)
st dyaknun f u obimactu G(R) npu R > Ry no reopeme Komu o Beraerax:
k
/f(z) dz = 2mi <Z res f(z)>
oG =1

WNuTerpasn B J€BOil 9aCTU COCTOUT U3 JIBYX YACTENL:

7 k
/f(z) dz + /f(z) dz = 2mi (Z res f) — BepHO s jo6oro R > Ry.
“R Cr L

j=

[Ipobyem mepeiiTu B 9TOM paBeHCTBe K mpejery upu R — 400.

[ < [1se i
ct Cr

B mpaBoit qacTu cTouT KPUBOJUHERHBIN MHTErPAJI IIEPBOTO POJIA.

R—+oc0

J 11l < ) [l = 2Ry 7R 0

110 YCJIOBUIO YTBEPKJIEeHUA 8.3, T. €.

lim / £(=)dz = 0.

R—o0
Cr

k
JHanee, cnaraemoe 271 (Z res f) — KOHCTaHTa, He 3aBUcAIiasg oT [, T.e. He U3MCHUTCS
j=1 %

B nipejiesie. CrieoBaTe/IbHO,

R k
Eler—lr-loo/f(Z) dz = RETOO (27ri <Z r@sf) — /f(z) dz) =
“R

Ch

k k
= 2mi (Z res f) —0=2m (Z res f) .

j=1 j=1
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MeTo, MCIIOIb30BAHHBIN B JOKA3aTEIHCTBE, YaCTO MCIOJb3YETCs ITPU BBIYUCICHUN
nnrerpasos. CaMoe rjaBHOE B 3TOM CJIydae — MOCUYUTATH WJIM OIEHUTH WHTErPAJI, COOT-
BETCTBYIOIIUT OKPY’KHOCTH (WK JAPYToil yacTu GUrypbl, 3aMbIKAOIIEH KOHTYD).

3ameTuM, UTO yTBEpKIeHNE 8.3 MOXKHO IPUMEHSATH K JII000H (DYHKIMN BUIA:

anz™ 4+ ...+ a1z + ag

R, = .
m(z) b 2™ + ..+ bz + by

ap, + =2 .
an - nem = )
| Rpm(2)] = |2] T

T.€. IpA M 2= N + 2 yCJIOBUS YTBEPK/IeHNS 8.3 BBITOJTHEHBI, €CJIN

bpz2™ + ...+ biz+by#0 VzeC.

ITpumep 8.2.
+00 x2
I'= [ —(——dzx
xt+1
—0o0
Pemmenue
1) = ==
z) = ——
244+ 17
BCE KOHeUIble 0cobble Toukm: 2% = —1, ei™/4 e3im/4 bin/4 oTin/4,

[To yTBepxknennio 8.3

“+oo

(#.4.) / mf—ﬂdw.

Cxopurest B 0OBIYHOM CMBICIE U3-3a MOPsIJIKa CTeleHeil ducnTes u 3HaMenaresis, (v.p.)
MOXKHO yOparh

+o0o
1}2 .
(]fﬂ) / x4—_{_1d§€ = 2mi (eg?/sif -+ e§g§4 f> .

—0o0
Ocobble TOYKHM — I0JII0CA TIEPBOr0 MOPSAJIKA, CJIEIOBATEILHO,

) _ 2mi (1
o3 /4 4 z

2

2
z
I=2mi—"
i ((z4—|—1)’

z
R —
emi/4 (24 + 1)’

1

emi/a R

3 /4) _ %Z (e—ﬂi/4+e—37r/4) .
oBmi
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Brictpee cuntars B dopme Ditsiepa. Tak Kak n3HA4aJIbHO MHTErPAJI, OUYEBUIHO, JIOJIZKEH
HOJIY IUThCH JICHCTBUTEILHBIM (60J1€€ TOr0 — MOJIOKUTEJILHBIM ), TO BCE § JOJIKHBI COKPa-
TUTbHCS.

/2

=3 (ie™/ i) = li=c

T, )
_ 5 (ez(fr/277r/4) +ez(71'/2737r/4)) _
™ (2 7T> ™ s
=—-(2cos— ) =mcos— = —
2 4 4

5
VrBepxkaenne 8.2 (Jlemma ZKopmana). Ilycrs dyuxmua f € C({Im z > 0,|z| > Ry})
Jig Hekoroporo Ry > 0. IlycTb

2

_T. (ei”/4+e_i”/4) — | cos z =

2

M(R) = max |f(2)| —— 0, 1ae Cgr = {|z| = R,Im z > 0}.
2€CRr R—4o00

Torma
e . f(2)dz —— 0,
R—+o00
Cr
eciim a > 0 (T. e. @ aBTOMATUYIECKH JIEHICTBUTEIHHOE).

[J OrnenuM mHTerpas cBepxy. Ecm B3ATh napaMeTpu3aryio MoJIyOKPYKHOCTH Yepe3 Io-
JIAPHBIA yroJl

z=R-e" tec0,n], dz=R-i-etdt,  z(t)=x(t) +iy(t),

TOorJa IIOJIY49IUM

C{ e f(2)dz

— '/f(R . eit) gta(z+iy) i R% dt' <
0

< / [f(Re™)| - e[ e [i| Rl " |dt <
0

< M(R)- R-/e—ay dt = M(R) - R/e—aRsmtdt@
0 0

ITockosbKy cunyc 4éTeH OTHOCUTEIbHO TOYKHA = Ha oTpeske |0, 7|, o Vt € [0, 7/2
2 ) ) )

. 2 ) 2
simt > -t = —sint << ——t.

s s
/2 /2
©2M(R)- R / e oftsint it LOM(R)R / e BTt gt =
0 0
e—aRT i TM(R) M (R)
=2M(R)-R- S = (e *f 1) = (1 —e ol
—aR= . —« o}
IIpu a > 0
—aR ﬂ-M(R)

e — 0,

T.x. M(R) — 0 o ycsoBmuio. [
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0 /2 7w f
Puc. 8.4.
A
14+ sint
|
|
0 /2 t
Puc. 8.5.

ITpumep 8.3 (Uurerpan Jlamiaca).

—+00

](oc)—/cosamdx, aeR

1+ 22

—00

Pernenne

KiroueBoit MOMEHT — OIIeHKA MOLIHTEIPAILHON (DYHKIINK Ha BEPXHEN ITOTYOKPY2KHO-
cru. Jlanuyro OYHKIMIO ONEHUTh HE TOJIYUIUTCs, IIOTOMY YTO KOCHHYC PACTET KaK IKCIIO-

HEHTa.

1)

—+00

1(0) = / ! dx:arctgx+ooz7r/2—(—7r/2):7r.

1+I2 —0o0

—00

2) I(«) wéTHasg 1O (v, HOITOMY JIOCTATOUHO BBIMHCIUTL TOJIBLKO Ipu « > 0, a MOTOM

[IPOJIOJIZKUTH OTBET YETHBIM 00PA30M.
3) Paccmorpum BeroMoraTe/ibHbIN HHTErpal

+oo
elOéZ'
J(a) = d
@= [ 15
B R:
+oo +oo .
cos ax sin
J(a) = d ' d
() /1+x2 x+2/1+x2 x,
Pacnipocrpanenne dyukiun B C:
eiaz
Z) =
1(z) 1+ 22

Ob6macTb

N3 KOHEIHBIX 0COOBIX TOYEK z = =i, HAC UHTEPECYET TOJIHKO 1.
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. ~

Puc. 8.6.

Hst obmactn G(R) = Br(0) N {Im z > 0} npu R > 1, u dbyukuun f(z) no reopeme
Kommu o Beraerax

/ f(z)dz = 2mi-res f,

OG(R)+
R
/f(z) dz + / f(z)dz = 2mi - res 1,
R ot

npu R — +00
(#.4.)J(a) +0=2mi - res f.

Bropoit unrerpas pasen mysio 1o jgemme 2Kopgana npu « > 0. Bu nojabinrerpalibHoi
dyuxiuu npu o > 0

iz 1
¢ 1422
T. k.
max ; <i—>0 R — 4+
2eCr |1 + 22 R? ’ ’

To JiemMma ZKopjiana B JaHHOM ciiydae TPUMEHUMA, TI09TOMY, YIUTBIBas, 9TO ¢ — IOJIOC
IIePBOTO MOPAIKA,

rae o > 0. CiemoBare/ibHO,
I(a)=Re J(a) =e7m, a>0

Tora uéTHo mpogo/KaeM Jijisd Becex € R @ 7 e lol o e R.

8.2. MHoro3HnauHble yHKIU. BrbljgesieHne HempepbIBHBIX BeTBEil MHOIO-
3HAYHBIX (PYHKIIUIL.

KonkperHnas 1e/b JaHHON TeMbl — 3a/1aTh IIPaBUJIa MOACUETa KOPHEll 1 jlorapudMoB

B C.

Onpepenenne 8.1 (Muorosnaunas ¢yukuus). [Tycrs ects muoxkectso G C C, mycth
ectb oTobpazkenne F : G C C — 2%, rne 2° — MHOXKeCTBO BCeX IOIMHOMKECTB KOMILIEKC-
HBIX umcesl (cTanjapTHoe obo3HadeHue: ecim X — MHOXKECTBO, To 2% — MHOXKECTBO Bcex
€ro HmOJMHOXKeCTB), T.e. Vz € G : z — F(z2) C G, tne F(z) — muoxecrso. Torma F
Ha3bIBAETCd MHOTO3HAYHOM (PyHKIIHEIA.
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Onpepenenne 8.2 (Bersp muOro3naunoit dyukiwm). [lycts ecth MHOrO3HAYHAST (DYHK-
ma F: G € C — 2C. Ilycrs pacemarpusaerca obbranas (He MHOTO3HaUHadA) DyHKIHA
f:G CC— C, upuuém oHU CBA3AHBI CJIEIYIOMUM 00PA30OM:

VzeG: f(z) € F(2).
Torpa f nHaspiBaeTcs BeTBBIO (CcesieKiueii/BLIOOPKOI) MHOrO3HAUHOI dbyHKInn F.

ITpumep 8.4. Ecim z € C\{0}, 10 y Heé ecrb Kakue-1ub0 MOJISIPHBIE KOODJINHATHI.

0

z
/ .

Puc. 8.7.

X

Jpg € [0,27) : cos py = k singpozé, z=x+ 1y,

|z

TO €CTb (P — OJIMH U3 MOJIAPHBIX YIJIOB, COOTBETCTBYIOMNX TOUKe 2. Ha30BEM ero ryraBHBIM
apryMeHTOM U 0003HAYUM

po = arg,, z.

Ocraspuble yriibl 0003HAYAIOTCS TaK:
Argz = {arg,, z + 27k, k € Z}.
Torna dyukims
Argz: C\{0} — 2%

ABJIACTCHA MHOFOBH&‘{HOﬂ, a e€ BeTBb

arg. z: C\{0} — [0, 2n).

HJIO (HebGosbIlioe JIMpUYEcCKoe OTCTYILIEHHE)

Bomnpoc: B kakux 00/1acTSIX MOYKHO BBIJIEJUTH HENPEPBIBHbIE BETBH MHOTO3HATHOI
dyukun Arg 2?7
[Iycts G = C\{0}.

Homycrum, ObLia BblJeIeHA HelIPepbiBHAs BeTBb aprymenTa. [lycts dyukims
p:G—=R:p(z) €Argz,

HenpepbIBHA. PaceMOTpUM eIMHNYHYI0 OKPYKHOCTh 1 TOUKY 1 Ha Heil. ¢(1) mpurnmaer
kakoe-To 3uadenue. [lycrs p(1) = 20147, Torma npu HEIPEPHIBHOM MEPEMEIEHUN BJIOJIb
9TO¥ OKPYZKHOCTH MOCJIe MOJTHOIO 060poTa Beibopa HeT. Tak, B Touke ¢ (i) = 20147 +7/2
u 1. 1. [Ipobsiema BosHuKaer B Touke 1, T.e. 60 (1) = 20167, 9TO HEBOZMOKHO JIJIst
ob6pranoit dbyukimn, oo (1) = 20147, u p(2) — He ABJIgETCH HEIPEPHIBHOI.
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Te(i)

dp-y

#(-1) w(1)

Puc. 8.8.

8.3. BoljlesieHne HenpepbIBHBIX BeTBel (byHKINU Arg 2.

YrBepxkaenne 8.3 (HempepbiBroe m3meHenue yria Baosb Kpusoii). Ilycts ecth 0T06-
paxkeHune

v:[0,1] = C, yeCN([0,1]), () #0 Vtelo.1],
a Takxke mycThb o € Argy(0).

I
7(0)
o
0 T
Puc. 8.9.

Torma

s 0=

rae v(t) = x(t) + iy(t), 1. e. GyHKIMSA B KayK/10if TOUKE B TOYHOCTH PaBHA yIVIy ¥ HEIpe-
peiBHast, npuaéM ¢(0) = .

e :0,1] = R:p e C([0,1]) : cosp(t) =

O Jlnst moka3arebCTBa sIBHO BBIIHMCHIBAEM (0 U MPOBEPsieM JJisi HeE BCe YCJIOBUSA (KOH-
CTPYKTHBHOE JIOKA3aTEILCTBO).
Pacemorpum dyHKIMIO

o) =+ [HZ0S

T. k. . )
y'(7) - x(r) —2'(7) - y(7)
2?(1) + (1)
to ¢(t) € C'([0,1]) (. k. ¢’ nenpepwisuas). O6ozuatum p(0) = .
[Iposepsiem, 1to @(t) — yroa B Touke 7y (t). PaccmarpuBaem BeromoraresbHbie yHK-
n

¢'(t) =

u(t) = cos p(t), v(t) = sin p(t), = oIk 0= Ol
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JlokazkeM, 9TO OJ/IHA MMapa COBIAJIAET C JAPYroil. 3amMedaeM, ITO
u'(t) = —sing - '(t) = —v(t) - (1),
v'(t) = cosp(t) - (1) = u(t) - ¢'(t).

[Tonyuaem cucremy auddepeHIualibHbIX YpaBHEHN

{w@>=-ﬂmw-w%w,

() = ult) - (t).
[Tposepsiem st @, 0. T.k. |y(t)| = \/22(t) + y3(t), TO
'(t 22/ (t)x(t) + 2y (t)y(t)] - (—3 ! oy
F = ZO PO OO (D) e ey
[y(2)] [y (8)] il il
()2t ey P@ 4y -2t ey ey
(1) (vD)?
2./ / / /
Yy r —Iyy y yr—ry N ’
S Ll A 1N M B ORO)
v[? ol
Ananornano npoepsiercst, 9to ¥ = 4 - ¢(t). Takum obpasom, mapbl OYHKIWR U, v,

" U, U ABJFIOTCA PEIICHUEM OJIHONM M TOM »Ke CUCTEeMbI JIMHEHHBIX U depeHITuabHbIX
ypaBHeHMIT 1TepBoro nopsiaka. 1. K.

_ =(0)
RIOIK
[Tockombky o € Argv(0), o u(0) = @(0) u v(0) = 0(0). CrenoBarenabHO, 1O TEOPEME

Kommu u3 kypca muddepennnaibHbIX YpaBHEHUN O CYIIECTBOBAHUU U €JIMHCTBEHHOCTH
CHACTEMBI YPABHCHUN IOJIydaeTCd, ITO

u(0) = cos p(0) = cos g, ©v(0) =sinp(0) =sinpy, u(0)

u(t) = a(t), v(t) =0(t) Vtelo,1],

T. €. CyIIeCTBOBaHUE HEIPEPLIBHOM (0 JT0Ka3aHo.
HokazkeM eJIMHCTBEHHOCTD (0T TPOTUBHOTO). [IpemonoKum, 9To cyIecTByeT apyras
dyHKIUS
© € C[0,1] : ¢(t) € Arg~y(t) Vt e [0,1].
Pacemorpum pasuocts h(t) = o(t) — @(t) — menpepwiBHast dyHKIws Ha orpeske [0, 1],
IPUIEM II0 TOCTPOEHUIO

h(t) = 2nk(t), k(t) € Z

KaK Pa3HOCThb yIJIOB B OJJHOI TOYKe, IPUYEM

h(0) = (0) = (0) = o — o = 0.

Taxkum obpaszom, h(t) — HempepbiBHAsT QYHKIINS, TPHHAMAIOIIAS TUCKPETHbIE 3HAYCHUS.
Torza 1o TeopeMe 0 TPOMEKYTOUHBIX 3HAUEHUSIX HelpepbiBHOM dyHkimn h(t) = 2wk, rae
k we 3aBuUCHT OT ¢, HAYe MHOYKECTBO 3HAYEHUI HECBA3HO, HO

hO)=0 = k=0 = o) =at) Vtelol]
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Bamernm, 9To BUJ () U3 TOKA3aTEILCTBA YTBEPK/IeHUs 8.3 MOXKHO yIIPOCTUTh. Pac-
CMOTPHUM

V() A +i-y(t) (@ 4y ) (@ —i-y) w’-x+y-y’+.y’-x—x’-y
JR— — Z,—

y(t)  x(t)+i-y(t) 2 + y? 22 4+ y? x? + 12

)

p(t) = o+ /Im Z’Jy/((;) dt.

Onpepenenne 8.3 (IIpupamenne aprymenta v(t) ava orpeske [0, 1]). B ycioBusx yreep-
XKaeHnd 8.3 BeJIMdIuHa TPUPAITEHT

—_

"(t
Apargy(t) = /Im il )dt

0
Ha3bIBaeTCs MpUparieHuemM aprymenTa (t) Ha orpeske [0, 1].

FeOMeTpI/I‘{eCKI/Iﬁ CMBICJI ,Z[&HHOIZ BCJIMYUHBI — pPa3HUIla MEXKAY HadaJIbHbBIM M KOHEY-
HBIM YTJIOM.
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