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JIEKIINSI 4

Nuarerpaabnas dpopmyna Kommu. MaTerpansr Tnna Koimnm.
CreneHHble PSJIbI

4.1. Narerpanbnas dopmysna Korm

Omnpenenenne 4.1. Ilycrs G — obnacts B C, mputem ee rpanniia 0G COCTOUT U3 TVIAIKIX
kpuseix (I'y,...,I'), npuaem I'; u I', mpu j # | MoryT mMeTh OOIIMME TOYKAME TOJIBKO
CBOU KOHIIEBBIE TOYKH.

Torma roBopum, ato G — 00/1aCTh ¢ KyCOYHO-TJIQAKOW I'PaHUIIEN.

[Ipuaem 3amermm, 910 B 9TOM ciydae rpannia OG COCTOUT U3 NMPABUNLHBIT KOMNO-
Henm, KaK IoKa3aHo Ha pucynke 4.1.

r

Puc. 4.1.
Heobxoaumo namomuuth, uto 'y — pa3pes, eciu:
Vzel; 398>0: Bs(2)\T; CG.

Teopema 4.1 (Unarerpasbuaasi dpopmyna Kommmum). I[Tyems G C C — ozpanuuentan
obaacmy ¢ Kycouno-24a0k0t epanuets (cm. puc. 4.2). Ilyems gynkyus f maxosa, wmo:

feCY (@), feC(qQ).

6= [ e

271 E—z
(0G)+

Tozda:

CyTtb Teopembl 4.1 3aK/0o9aeTcss B BOCCTAHOBJIEHUN 3HAYEHUI PEryJIgpHOil byHKIMN
B 00JIACTH 110 3HAYEHUSIM HA I'PAHUIIE.

O dbusznvgeckom CMbICTIE JAHHON TeOPEMbI HAIIOMIHAET JAPYToe ee Ha3bIBaHUEe — TeopeMa
O «MBLJIBHBIX IIJIEHKAX>.

JlokazkeM JaHHYIO TEOPeMY:

[] B nokazaresibcTBe OyJier ucnosib3oBana reopema Korrm.

Boeibepem mpoussBosibiyio TouKy z € G. S3adukcupyeM BBIOPAHHYIO TOUYKY U PACCMOT-
pUM KpyT, IIOKa3aHHBIIT Ha pucyHke 4.3.

Taxk kak G sBisteTcst 06JIaCTHIO, TO:

dR>0: Vre (0,R] B,(z) CG.
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Jleknus 4. Unrerpanbias dopmyna Komm. Marerpass tuna Kormu. Crenennbie psijibt

Paccmorpum MHOXKECTBO:

G =G\ B,(2).

ITo TeopeMe Komm JJIA G n 5(5) MO2KHO 3alliuCaTb.

/f—zdz_ / e - L / 5—

8G)+ FT‘ Z

Puc. 4.2. Puc. 4.3.

atee 3ameTnm, 9TO:

OTcio/ia B 9aCTHOCTHU CJIEJIYET, 9TO MpaBasl 9aCTh PABEHCTBa He 3aBUCUT OT T € (0, R
1pu (PUKCUPOBAHHON TOYKE 2.
Jlastee paccMOTPHUM BBIDazKeHUE:

©)

1
o7 Zdﬁ—f(z)"

I'f(z)

N3 coobpazkenuii, pacCMOTPEHHBIX TOJIPOOHO HA MPEIbIIYIIEN JEKITUN:

/ —d§—2m

cJe10BaTeJIbHO:

27rz 5 — z
It (2)

Torta MOXKHO TIEpenuCcaTh BhIPaXKeHUe:

O~ 1) (2)]
2mi f I N ‘27?2 § z dﬁ‘ o ‘ ‘d£|
It (2) ( ()

Tak kak f € C'(G), To, B wactaOCTH:

f e C(G).
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Torma st 060it Toukn z u3 G-
V2EG, Ve>0 36>0: VE€G [E—z <6, [f(&—[f(2)]<e.

Ecan BeiOpaTh mpousBoJibHOE 9UCI0 € > (), TO 0e3 orpaHuYeHust OOITHOCTH PaCCy K I1e-
HUI MOYKHO CINTaTh, 9T0 1 < 0. Crie/IoBaTeIbHO, MOKHO MPOJIOJIZKUTH OIEHKY:

GG
s | e el < /m 2=,

(T (2)

TaK Kak:
}z — §| =r, umHa [.(z) = 27r.

[Ipu pUKCHPOBAHHOI TOYKE 2 OLIEHUBAJIACH CBEPXY PA3HOCTH MEXKIY JBYMs KOMILIEKC-
HBIMU KOHCTaHTaMu. Tak Kak OHa 110 MOJLYJIIO OOJIbIlle HYJIsS JIJI JII0OOI0 HOJIOKHUTEIHLHO-
I'o €, TO KOHCTaHTLI PaBHDBI.

CirenoBaTeIbHO:

1 f& .1
f(z) = o - ¢ = 5 lintacy+

f(€)
S

B cuny npousBoibHOCTH BBIOOpa TOUKK 7" € (G TeopeMy MOXKHO cunTaTh jJokasanHoii. Il

Onpenenenne 4.2. [lycts I' — Kycouno-rajikas Kpubasi Ha KOMILTeKCHOH tockocTu C.
[IycTs bynknus g — HenpepbiBHA Ha JaHHONW KpUBOii [':

g € C(I).

Toria BbIpazkenmne BUIA:

211

:i/g d¢, ¥zeC\T
I

Ha3bIBacTCd MHTErpaJioM THUlla Kormmu or g 110 I.

Teopema 4.2. [Iycmv I' — xycouno-waadkas xpusas na xomnaercrnol naockocmu C.
Hycmo pynxyus g — nenpepwvisna ma dannot kpusot I':

g e C(I).
Tozda dynxuua I (asamowasca unmezpasom muna Kowu) maxosa, wmo:
[ €C®(C\T),
npuvem.

1,2,...} IMW(z) = d
vn € {0,1,2,...} 2m/£_ £, VzeQq.

CyTb Teopembl — OeckoneuHas juddepeHmpyeMocTs naTerpasia tuna Korrm.

JlokaxkeM 3Ty Teopemy:

(] /Toka3aTes bcTBO OY/IET BECTUCH IO WH/YKITUH C MCIIOJIb30BAHIEM ITKOJIBHOI'O OIpe-
JieJIeHUsl TTPOU3BOJIHOIA.
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Bazoii wuaaykiun Oyaer J10Ka3aTeIbCTBO It CILy-
gag n = 1. Pacemorpum Touky z (cm. puc. 4.4):

ze€ C\T.

Tak kak I' gaBiisgercd KOMIIaKTOM, TO PacCTOSTHUE:
p(z, F) =d>0.

lasee paccmMoTpuM: Puc. 4.4.
B,(z) CcC\T,

rjae C¢ 3allaCoOM B34dTO:

l\D.I ISH

Pacrmmiem torga ms [Az| < r:

I(z+Az) 1 [ g(§)
Az 2mi / (& — 2)?

27rz/ ((f (z+ Az) _fiz>'é_ﬁ>d€‘:
L < (z—i—Az))_ 1 >d§
2mi

£ —
F (€ — z—i—Az))Az (€—2)?
1 1
57/ﬁ@y<@zx5@+A@>@%v>%

dg| =

1 (E—2)— (= (z+Az))
Zﬁ!‘@* @—zﬁ@—%z+A@)d4'

Umest B Buay, uro Ha [’ BbIOpaHa opueHTAIMs, IPOBEIEM OLEHKY:
0 Emn - (- (4 09)
2mi F/ (©) (€ —2)2(§ — (2 + A2)) 4 <

1 |Az|

_ . Vze C\T.

w!w“” e e eE

Taxk Kak yHKIMA ¢ — HelpepbiBHA Ha [, TO 3armminem:
IM >0: [g(§)| <M, VEeT.

TOI‘,IL& MO2KHO 3aBEPIINTL OIICHKY:

1 |Az| |Az| 1
—WF/\g(g)|-|§_z|2"§_(Z+AZ o < (52 (QT)QTF/ngo i [A2] = 0.
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Jleknus 4. Unrerpanbias dopmyna Komm. Marerpass tuna Kormu. Crenennbie psijibt

Taxum obpazom:

'(z) = lim Iz+82) ~ Iz :i/ 9(8 df,
T

Az—0 Az 271

9TO 3aBepINaeT JOK3aTeIbCTBO Oa3bl WHIYKIINN.
[lepeitnem x mrary uaayKimu. Ecim juia k-it Tpon3BOIHOMN BBITIOIHEHO:

[(kfl)(z) _ (kz;zl)' / (gg_(giyc df, k= 1’ 27 o

TO OyIeM paccMaTpuBaTh PA3HOCTD:

7= (z + Az) — T, (2) /
i —2) "7“

Az

r

Amnajornyno ciaydato k = 1, HO ucnosib3ys tenepb 6unom HbioTona, mpoBeieM J1a/ib-
HelIme paccyKIeHnd:

(-2 = (€= 2= D) = (€= 2 = (€= 2)" — k(€ = 2" Az +a(B2),

rje, Kak U Ha IPEJbIAYIINUX JIEKIAAX:

. a(Az)
Alirgo Az 0.
B urore mosyuum, 4ro:
J(k=1) Az) — I+ (z k!
37M(2) = lim (2 +Az)
Az—0 Az T omi —2) ’“+1

r
9710 1 TpeboBasoch joka3arh. M

CaexncrBue 4.1. Fcau G — obracmov 6 C, a dynxyua f — peeyaspua 6 obaacmu G, mo
ecmo:

feCla),

feT®(q).

0 B jpokaszaresbeTBe OyIeT MCIOJIb30BaHa TeopeMa 4.2 11t OKPECTHOCTH IPOU3BOJIb-
HOit Touku 2 u3 G.

Pacemorpum nipousBosibayto obsacte G C C (em. puc. 4.5). Tak kak G sBisgercs
00J1aCcThIO, TO:

Ir>0: B,(z) C G.

ITo Teopeme 4.1 MOXKHO 3aITUCATD:
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TaK KaK:

feC(B,(a)), fe @(T(z)).

Tak Kak mosyunsics maTerpaJt Tuia Ko, To y Hero CyIecTByeT Mpou3BOIHas JTF0O0r0
nopsika k € N, To ectb, 110 Teopeme 4.2:

Vk € N Elf(k)(z):k—!, / (gf(—f)kﬂdg.

2mi —2)
I (2)

Puc. 4.5.

Ocrajoch cKa3aTb, 9TO B CHJIy MPOM3BOJBLHOCTUA BbIOOpa TOYKU 2 € (G CYIIECTBYET
[IPOU3BO/IHAS:

3f®(2), VzeG, VkeN,

YTO 3aBepIiaeT J0Ka3aTeJIbCTBO JaHHoro cieacTBus. l

4.2. CrerieHHBIE PSAbI

Omnpenenenne 4.3. CTerileHHbIM PSAA0M Ha3bIBAaeTCS Pl BUJIA:

+o0o
ch(z —a)", c¢,,a€eC, zeC. (4.1)

n=0

OueHb BayXHBIM BOIIPOCOM B JAHHON TeMe SIBJIAETCSA BOIPOC O TOM, B KAKHX TOYKAX
CTEINEHHON PAJI CXOJIUTCH.

Teopema 4.3 (AGenst). [lycmv cmenennoti pad (4.1) cxodumes 6 mouxe zy € C\ {a}.
Tozda (cm. puc. 4.6):
1) Vz € Bjy_.|(a) cmenennoti pad (4.1) — abcomomno cxodumcs 6 movxe 2.
2) Ha 10600 komnonenme, aedtcawetc 6HYmpu 0aHH020 Kpyea:

vr € (0,]a — z))

cmenennot pad (4.1) — cxodumea pasromepro na By.(a).

[0 B joka3arebcTBe UCIOJIB3YETCs MPU3HAK CPABHEHUs (J1JIs JI0KA3aTe/IbCTBA EPBOit
4acTH TeopeMbl) U npusHak Bejiepiirpacca (171 BTOpoit dacTn).
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[eppas wacth. Tak kak crenennoii psiz (4.1) — cxonurest B
TOYKE 20, TO (110 HEOOXOMMOMY YCIOBHIO CXOIUMOCTH DPSIJIA):

cn(zo—a)"| — 0, n— oc.

B wacTrOCTH:

M >0: |cp(z0—a)"| <M, n=0,1,2,....

[IycTs TOUKA 2: Puc. 4.6
= B|Zo_a|(a). Hc. 4.0.

Tora mpoBeeM CJIeIyIONIYIO OIEHKY:

z—a
cn(z — a)”‘ = |cn(2z0 — a)”‘ N2 s
Tak kak:
zZ—a
= <1
o a q(z) <1,
TO MOXKHO 3aIIUCATE:
n
z—a
enlzo— )| < M(q(2))"
Zo — a

,ZLaJIee, TaK KaK YHACJIOBOUA DA
+o0
n
> M(q(2))
n=0

CXOJIUTCsT KAK DeoMeTpUYecKas Mporpeccusi, To (M0 IMPU3HAKY CPABHEHUS CXOJAIIErOCs

psa):
+o0

Z Cn(z —a)™.

n=0

Bropas vacts. Eciu B34Th:

re (0, |20 — a|),

TO MOXKHO 3alliCaTb:

z—al”
Vz € B.(a): |ca(z —a)"| = |cn(z0 —a)"| - ﬁ.
Tak Kak:
|z —al r
~ = q < 17
|20 — al |20 — al
TO: | "
z—a
Cn(ZO — CL)n : m < qu

CrenoBaresibHo, 10 pu3HaKy Beitepinrpacca cremnennoit ps (4.1) — cxopurest pas-
HOMepHO Ha B,(a), uro u TpeboBasock goka3arsh. M
s cremenroro psia (4.1) ompemesnm duciio:
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Onpepenenune 4.4. PajimycomM CXOAMMOCTH HA3BIBAETC UUC/IO:
R = sup{|z — al, Tyie z — TOYKHU, B KOTOPBIX CTEIEHHO Psijl CXO,ZLI/ITCH}.

Herpynno Busiers, 4ro:
R € [0, 4+00].

N3 onpenenennsa 4.4 ciaemyer, 9To:
1) B moboit Touke z (cm. puc. 4.7) Taxoii, aro:

Vz € B.(a)

creneHHoit psj (4.1) — cxomures B 2.
910 cirenyer u3 TeopeMbl Abess u onpeaeaeHus 4.4.
2) B sr060it Touke z' Takoit, 9To:

vz e C\ B,(a)
crenenHoit psag (4.1) — pacxoaurcst.

DTO cjIelyeT HAIPAMYIO U3 onpesenenns 4.4. Puc. 4.7.
Sameuanue 4.1. UzBectrna takxke popmyna Komm — A namapa:

1

im {/|ea]

n—+400

B JaHHOM 3aME€YdYaHHuM HEe I/ICKJHOLIQHO, 9TO:
1 1
— =400, —— =0.
+00
IIpumep 4.1. [locunTaTh CyMMy T€OMETPUYIECKON MPOrpeccuu, HAlTU PaJInyC CXOIUMO-

CTHU JIJI1d pAja:
—+00
E z".
n=0

Perrrenue: paccCMOTpUM YaCTUYIHbIC CyMMDbI:

N 1—ZN+1 1
Sp=14+z4+--4+2" = T —>1_Z, N — 400, z#1, |2/ <1,

TO €CTb:

+o00 1
Zz" — npu |z| < 1,
— 1—=z

un cjaeaoBaTe/IbHO, PaJlnyC CXOJIMNMOCTHU:

ch P 1.

“+oo
C zpyroit cTOpOHBL, TIpH 2 = 1 psijy Y, 2" — PaCXOIUTCsI, CJIETOBATEIIBHO:
n=0

ch < L.

OxoHYaTEeILHO IIOJIYYIUM:

+o0o 1
Zz”—> , Ry =1
— 11—z
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Teopema 4.4. IIycmv pynxyus f maxosa, wmo:

fec! (Br(a))
Toz0a: .
f(2) =) ealz—a)", Vz € Bg(a),
ede: .

, n=0,1,2,....

CyTb TeopeMbl 3aKJII0YaeTCsd B TOM, UTO 3Ta TE€OPEMA T'OBOPUT O PA3JIOXKEHUU PEry-
JISIpHO# (DYHKIIUU B CTENEHHOW PsIJL.

Jns mokasaTenbCcTBa JAHHON TeopeMbl MOHAI00UTCA ChOPMYJINPOBATh U JI0KA3aTh
CJICIYIOIILYIO JIEMMY:

Jlemma 4.1. [Tycmov ' — xycouno-2aadkan xpusas 6 C. Iycmo ecmv pynxyua:
fa(z) € C(1),
npuUvem:
+00
n=0

Tozda:

:fz/fn(z) dzz/:i)fn(z) dz:/f(z) dz.

r

CyThb JaHHOI JIeMMBI B TOM, 9TO OHA TOBOPUT OO WMHTEIPUPOBAHUU BJIOJIh KPUBOM
PaBHOMEPHO CXONAIIErOCd PAA.

JlokazkeM 3Ty JIeMMY:

U] B nokazaresberBe OyJIeT UCIOIb30BATHCS PABHOMEPHAS CXOIMMOCTH U OLEHKA Pa3-
HOCTHU MHTETPAJIOB OT f U OT YACTUIHBIX CYMM.

PaccmoTpuM gacTUdHbBIE CyMMBI:

Sn(z) = fi(z) +---+ fn(2), VN eN.

[Tposejsiem oreHKY:

/f(z)dz_ni;/f"(z)dz

[ [ (300 2
/(f(z) ~ Sx(2)) dz

< [l = sxte)

r

-|dz|.

Tak kak ga I':
Sn(z) = f(2), N — +oo,

TO:

¥e>0 INeN: VN =N, )SN(Z)—f(z)’<5, vz eI
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Ecnu 1 Mpons3BOJIBHOTO TOJIO?KUTEIHHOTO € BBIOPATh COOTBETCTBYIONEE YUCIO [V,
TO MOYKHO IPOJIOJIZKUTH OIEHKY:

/‘f(z) ~Sn(:)| - Jdz] < g/\dz\ — ()

rae [(I') — aymaa KpuBOii.
Taxum obpazom:

Z fn(z)dz%/f(z)dz, N — +oo0.

n=1

OxoHYaTEeILHO IIOJIYYIUM:

f [ fraz= [ 1)

T

9710 1 TpeboBasoch joka3arh. M
Terrepb MOYXKHO TIPUCTYTIATH K JIOKA3ATEILCTBY TeopeMbl 4.4:
O B nokazaresberBe uctosib3yercst narerpaibhas gpopmysia Komu (reopema 4.1).
st pou3BOIBHON TOYKM 2z BO3BMEM YHCIO (CM.

puc. 4.8):

z € Br(a), 1€ <|z - a|,R>.

Torma:

B,(a) C Bg(a),

pUYeM:
z € By(a),

TO €CTh TOYKA Z OTJejeHa OT I'PAHUIIHI.
Hnst dyuxmpm f u s obnacru B,.(a) 1m0 mHTErpasib-

HOIT cbopMyJIe Komm moxkno 3anmcars: Puc. 4.8.
" omi / & — z
'Y (a)
Paccmorpum:
1 o 1 - 1 1
Rl )
Tak Kak:
Z J—

TO MO2KHO 3alluCaTb.
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Boixoan:

_ fE) = (z—a)
f(z) _F+(/) ( 2mi nz% (€ - a)n+1) ds.

Tax kak dyHKIUS [ — HempepbIBHA HA F;f (a), TO OHA — OTrpaHmYeHa, TO €CTh:
IM>0: [f(O| <M, eTlf(a)

OrnennM 1Ipu (PUKCUPOBAHHON TOYKE Z:

CaenoBaTesibHO, Psif IIOJ WHTErPAJIOM OIleHHUBaeTcs Ha [ Mo MOIY/II0 CBEPXY CXOJIsd-
MIUMCS YUCJIOBBIM PJIOM:
+o0 qu
Z r-2n’

n=0

TaK KaK:
|£ — a| =r.
ITo npusnaky Beitepmrpacca psiJi paBHOMEPHO CXOJIUTCA Ha ', & 3HAYHUT, UTO 1O JIeM-
Me 4.1:

Re JOE=a" ) o (1 f(©)
-5 [ i) S0 (gn [ i)
(o) "= rf (@)

[To Teopeme o quddepennupyemocT nHTErpasia Tumna Kormm MoXKHO 3aImcarh:

f (a> - 27 (f . CL)TH'I dfa
I (a)
cjie10BaTe/IbHO. )
1 S (a)
[ = S
I (a)

910 1 TpeboBasoch jgoka3arh. M
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