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JIEKITNS 3

NurerpupoBanne pyHKIINN KOMIIJIEKCHOTO TEPEMEHHOTO B/10JIb
KPUBOI1

3.1. OcHoOBHBIE OIIpejieJIEHUs U CBOMCTBA

Onpenenenne 3.1. Ilycrs ecth HenpepbIBHOE O0TOOpaZKeHUE:
v [to,tl} — C.

Ero obpas:
I'= 'y([to,tlD.

Torna v — kpuBas B C.

Onpepnenenne 3.2. Ilycth ecTh KpuBas:

I = 7([t0,t1}>,
IJie 7y — HeIpEepBIBHOE 0TOGPasKeHIe:
v: [to,t1] = C.
Toryia I' — 3aMKHyTas KpuBasi, eCJii:
7(to) = ()

Onpenenenune 3.3. Ilycrs ecth Kpusas:

I'= 7([1507751})7
rJIe Y — HelpepbIBHOE 0TOOparKeHue:
v [to,tl} — C.
Torna [' — mpocTast kpuBasi, ecjii OHa He JIONyCKAeT caMollepecevdennii, TO eCTh:
Vit e [to, ], £ () #(),

KpOMe, BO3MOXKHO, CJIydast:
v(to) = ().

Onpepnenenune 3.4. Ilycts ecTh KpuBast:
I'= 7([7507151}),
r7ie 7y — HEeIPEPBIBHOE 0TOOPaKEHUE:
v [to,tl} — C.
[IycTs TakxKe:

v E Cl([t07t1]>7

1
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Jleknus 3. lnrerpupoBanue (pyHKIIUN KOMILJIEKCHOTO TIEPEMEHHOTO BJIOJIb KPUBOIA

TO €CTb:

v(t) = z(t) +ig(t), =,y € [to,t1] > R, my€ C1<[t0,tl]).

U mycrs:
’}//(t) =0 Vte [to,tﬂ,

rie:
V(t) =2/ (t) +iy' () # 0.

Torna I' — romagkast KpuBas.

Omnpenenenune 3.5. Ilycts ecth KpuBasd:

I'= ’Y([tmh}),
rJie Yy — HelpepbIBHOE 0TOOpaKeHune:
v: [to,t1] = C.
[IycTh ecTh HEeKOe pa3bueHue:
0 = {00,61,...,0,} C [to, t1],

TO €CTb:
t0:90<91<"'<9p:t1.

Torma eciim Ha KaxKJIOM OTpeE3Ke:

[9]'—179]']7 J=1...,p

kpuBasg [' 6yjeT 1yraJikoit KpuBOil, TO OHA Ha3bIBaCTCHd KYyCOYHO-TJIAIKON KPUBOIA.

7(62)

Puc. 3.1. Puc. 3.2.

Ha pucynke 3.1 nmokazano nosgcuenue K orpejesaeHuio 3.5. Bujno, 9To n3gmombl J1omyc-
KaloTCs B TOUKaX 7(9j).

Onpenenenne 3.6. IlycTb ecTh KycouHO-TIVIa/IKas KPUBAasi:

FZV([tth,

rjle 7y — HeINpPEPhIBHOE 0TOOPaKEHUe:

v [to,tl} — C.
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Jleknus 3. lnrerpupoBanue (pyHKIIUN KOMILJIEKCHOTO TIEPEMEHHOTO BJIOJIb KPUBOIA

[IycTs ecTh dyHKIHA:
f: TcC—=C.

[IycTn Takke 3a/1aH0 pa3dueHne oTpe3ka [to, tl}:
T = {To,Tl, ce ,Tn} C [to,tl},

TO €CTb:
to=T0o<n < - <Tp,=11.

Toria MeJIKOCTh pa3sOUeHUs Olpe/Ie/IAeTCA CIEIYIONUM 00pa30M:

ey

Onpepesienne 3.7. Ilycrs 3aaH BBIOOP CpegHUX TOYEK (CM. puc. 3.2 — 3BeHbs, Ha
KOTOpBIE paclaiach KpuBasi), TO €CTh:

Z={&,...,&} T,

rie:
&€ |:Zj—1,Zj] = {v(t)‘t = [Tj—laTj}}-
Takzke:
Z]:’)/(Tj), 7=0,...,n.

Torna maTerpanbHass cymma Pumana 3anmcbiBaeTcst CeyIonmM 00pa3oM:
n
o(f.T.2) =) f(&) AZ;,
j=1

ruae:
AZJZZJ—ZJ,M ]:1,,7’L

Onpenenenune 3.8. Eciu cymecrByer mpejet:

lim a(f, T, Z),

|T)—0

TO OH 0DO3HAYAETCH CJIEYIONIUM 0OPA3OM:

I = lim cr(f,T,Z) :/f(z)dz,

|T|—0
r

TO €CTb:

Ve>035>0: VT, T| <6, VZ |o(fT,2) - 1| <e.
YrBepxKkaenue 3.1. Ilyctb ecTh KycouHo-Iy1aKasi KpuBasi:

0= 5([to])

rJIe Y — HelpepbIBHOE 0TOOparKeHue:

v [to,tl} — C.
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Jleknus 3. lnrerpupoBanue (pyHKIIUN KOMILJIEKCHOTO TIEPEMEHHOTO BJIOJIb KPUBOIA

[IycTh ecTh DyHKINS KOMIIJIEKCHOTO TIEPDEMEHHOTO:

f: I'cC—C,
HenpepbiBHas Ha I
Tora:
I_/f :/ u+ ) (dz + i dy) :/ udas—vdy)—l—i/(vd:v—l—udy).
T r
Obosznadnm:
]1:/(udm—vdy), Igz/(@dx—i-udy),
r r
TO €CTh:
I =1 +1il,.

Nmeercd B BULy, 94TO €C/Id CYIIECTBYIOT HHTErpajbl [; u I, To cymecTByeT unrerpaJ [
1 BBITIOJIHAETCS YKA3aHHOE PaBEHCTBO.

CyTtb yrBepKacHUS 3.1 — CBeJieHIe K KPUBOJIMHEIHBIM HHTErpajiaM BTOPOTO pojia 13
MaTeMaTHIeCKOro aHajm3a. /lokaxkeM 9TO yTBepxKeHUE:

(] B nokaszaTeabCTBe UCHOJIB3YETCS OIpe/iesieHne 3.8 U olpe/ie/ieHre KPUBOJTMHEITHOTO
MHTerpaJja BTOPOro pojia U3 MaTEMATUIECKOTO aHAJIN3A.

Paccmorpum:

(1 1.2) = 3 £(&) 8% =Y (€. &) +iv(§.€))) - (A2, + i),

BILGCB nMeeTcd B BU/Y, 9YTO paCCMaTPUBa€TCA TOYKa C KOOpJAUHATAMM:

&= (6.¢)

Torma npogokuM Iasee:

o(£.1,2) = > (u(gr. &) Ans = v(gr,€) Ay )+ (v(&5 &) A + (€] &) Ay )
j=1 j=1

O6o3HAYNM:

o= 3 (0l )80, — ol5 D)D), o= 3 (0l ) An, +u(€,€)A,)

j=1 j=1

[Moyanics B TOTHOCTH OOBEKT U3 MATEMATHICCKOTO aHAJIM3A:
o =01+ 105.
Bamernm, aro mpu |T'| — 0:
o1 — Il, o9 — .[2,

YTO CJIeJIyeT U3 Olpejie/ieHns] KPUBOJINHENHBIX MHTEIPAJIOB BTOPOI'O POJjia U3 Kypca MaTe-
MATHICCKOT'O aHAIM3A.
CrenoBaTebHO:

d lim o =1; +1ls,
|T|—0

TO eCTb MOKa3aHO, YTO:
I =1+,
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TO ecTh WHTerpayibl [; m [y CyIIecTBYIOT, TaK Kak
dyukmusa f — #HenpepbiBHa Ha [, 9T0 1 TpebOBAIOCDH
nokazarh. W

HeobxomuMo OTMETUTH, 9TO Y KYCOYHO-TIVIAJ KON
KpuBoii I', mokazannoit Ha pucynke 3.3 U CKJIECHHO
U3 IVIQJIKUX KYCKOB, B TOYKaX CKJIEHKHU JIOJIZKHBI CY-
IMECTBOBATH OJTHOCTOPOHHIE ITPOM3BO/THEIE.

DTO MPOUCXOJIUT, IOTOMY YTO KacaTeJIbHbIe BEK-
TOpa JIOJIZKHBI OBITH HEHYJIEBBIMU CIIPaBa U CJIEBA, HO
He 00g3aTeIbHO JOJIXKHBI COBIIAIATD.

Takum obOpazoM, Ha KYCOYHO-TVIJIKUX KPUBBIX MOYKET HAOJIOIATLCSA PAa3PBIB ITPOM3-
BOJIHOI IIEPBOT'O PO/JIA.

Puc. 3.3.

YrBepxkaenune 3.2. Ilyctb ecTh KycouHO-IJ1aIKast KPUBasi:

FZV([tth,

rjie Y — HelpepbIBHOE 0TOOpasKeHue:
v [to,tl} — C.
[TycTs ectb yHKIUS, HenpepbiBHad Ha [

f: TcC—=C.

Tora BepHO ciejyioliee:

/f(Z) dz = ff(v(t)) () dt.

CyTb yTBepKIeHus 3.2 — CBeleHNe K MHTerpajy 10 OoTpe3Ky. /lokarxkem 5T0 yTBep-
2KJIeHUeE:

[ B jokazare/ibcTBE UCIOIB3YeTCd YTBep:KJjieHue 3.1 m aHaJIoruvdHas TeopeMa Jijist
KPUBOJIMHEWHBIX WHTEI'PAJIOB BTOPOT'O POJIa U3 MATEMATUIECKOTO aHaJI3a.

SHAYNT, MCIOJIb3Ys BbIIeCKa3aHHbIe (hpaKThl, MOKHO 3aIIUCATD:

/f(z)dz—/(u+iv)(dx+idy) —/(udx—vdy)+i/(vdx+udy) —

I I I
t1

— [ (u(e®).50)) - #0) = v(a®)9(0)) - ')

to
t1

+ 2/<U(m(t),y(t)) 2 (t) + u(z(t),y(t)) - y’(t)) dt =

to
t1

_ / (wlae), (0)) + v (ae), (1)) ) (' (0) + i/ (1) .

to
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OKOHYATETBHO TOJTY THM:

/f(z) dz:if(v(t)) -/ (t) dt

4TO U TpedoBasoch jJoKa3aTh. M

Samevanue 3.1. OTMeTuM psiJi HECJIOKHBIX B JI0KA3aTEIbCTBE CBONMCTB:
1) JluneitaocTb. Ilycrh ecTb KycouHO-IIa/IKast KPUBAsL:

I'= 7([t07t1}>7
rJie Y — HelmpepbIBHOe 0TOOpasKeHue:
v [to,tl} — C.

[IycTh ecTh HernpepbiBHbIE Ha Y DYHKIUN f1 1 fo.
Torna BepHO ciiejyroliee CBOWCTBO:

/(afl(z)—i-ﬁfz(z)) dz:a/fl(z)dz+ﬂ/f2(z)dz, Vo, 3 € C.

r

2) JluneiiHOCTH IO KpUBOIl mHTEerpupoBauus. [lycTh ecTh KycouHO-T/Ia/ KA KPU-
Bad:
I'= 7<[t07t1}>7
rje Y — HelmpepbIBHOE 0TOOpaskKeHue:
v [to,tl} — C.
[TycTh ecTb HenpepbiBHad Ha Yy PYHKIMA [, IPUIEM:
[ =Ty UT,,

TO €CTb:

Jt' € [to,t1] : I : [to, t'] = C: mt) =~(t), Ve [to,t],
vy : [tl7t1} — C: yp(t) =9(t), Vvte [t/utl]u

[t 1] )

Iy :71<[t07t,}>7 Py =

TOI‘,H@ BBIIIOJIHAETCA CBOMCTBO:

/ f(Z)dZZ/f(z)dz+/f(z)dz.

I'Mul's

VRS

OTHu JBa CBOWCTBA CJEIYIOT U3 yTBEpKJIeHus 3.1 1 M3 aHAJIOTUIHBIX CBOWCTB JIMHET-
HOCTH KPUBOJIMHENHBIX NHTEIPAJIOB BTOPOI'O POJa U3 KypCa MaTEMaTHICCKOI0 aHAIN3A.
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Jleknus 3. lnrerpupoBanue (pyHKIIUN KOMILJIEKCHOTO TIEPEMEHHOTO BJIOJIb KPUBOIA

Heobxomumo mosicHenne o criocobe TapaMeTpu3aliii

— o o .
KPUBBIX: Ha PHUCYHKe 3.4 TOKa3aHO, YTO OJIUH U TOT ¥Ke -7

OTPE30K MOXKET IIPOXOJUThCs OJHU pa3 (6e3 orpaHnveHust L ~
OBIIIHOCTU — CJIeBa HAIPABO), & MOXKET POXOJIUTHCS JIBa- T e
KJbI (Tya 1 06paTHO). 3/1ech xKe OyeT paccMaTpUBAThHCS

HauboJsiee o0IIass CUTYaIIA. Puc. 3.4.

CdopmynupyeM u JOKazKeM elre JIBa CBOCTBa:

YrBepxkaenue 3.3. IlycTb ecTh KycouHo-riaKass KpuBasi:

FZV([tth,

rjie Y — HelpepbIBHOE 0TOOpasKeHue:
v [to,tl} — C.

[IycTs ecTb HenpepbiBHAS HA Y yHKIU f.
Torna BepHO crefyroriee CBOMCTBO:

e < [|re]]a]

(] [IpoBegem J10Ka3aTeILCTBO JIJIsi MHTEIPUPYIOIIEH CYyMMBI 0 U Jlajiee CIeIaeM Ipe-
JeJIbHBIN IIepexo:

‘A@

ot7.2)] = |3 116) 82 < Y] s6)

Tak Kak pyHkusa [ — HelpepbIBHA, TO U3 KyPca MaTeMaTHICCKOI0 aHAJIIN3a U3BECTHO,
qT0:

‘ﬂﬁﬂZ”%t/ﬂ@W, IT| = 0,

a CJIeIOBATEILHO:

(A@

é‘f(ﬁj)

9TO ¥ TPebOBaJIOCh JI0KA3aTh.

%/V@MWL]H%Q

YrBepxkaeane 3.4. Ilyctb ecth KycouHo-IJ1aKasi KPpUBasi:

r=7([tot1]).

rJie Y — HelmpepbIBHOE 0TOOpaskeHue:
v [to,tl} — C.

[IycTpb ecTb menpepbiBHas Ha v GyHKIUA f.
[Iycts mMmeeTcs JomycTruMasi 3aMeHa mapaMeTpa, COXPaHdolas HallpaBIeHue 00-
X0/l KPUBOIA:
i [t67t/1] - C,
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TO €CThb:
a: [ty t] = [tot1], «€ Cl<[tg,t’l]>,
n ¢ — CTPOro BO3pacTaeT.
3Haunt:

n(a(t)) =), Ve [to,t].
B 9TOM cnyqae HE U3MEHAETCA I/IHTeraHZ

/f(z) dz.

Ec/m e napamMeTpusalus HallpaBjeHns obX0/1a TaKoBa, YTO JIOIyCTUMAad 3aMeHa Ia-
pamerpa:
Yo : [tg,t’ﬂ —C
MeHsleT HallpaBJleHue 00Xo/ia KPUBOii, TO €CThb:

B [te. t1] — [to, t], ﬁe@([tg,t’{]),

u 3 — crporo yObIBaer.
SuaanT:

12 (B(t) =1(t), Vte [t t].

B makom ClIydae MHTEeIr'paJl MEHAET 3HaK:

/ﬂ@@:-/ﬂ@@

ITpumep 3.1. I[locuurarsh unTErpas:

I, = / (z—a)"dz, meN,
Cf(a)
re:
Cr(a) = {z ]z —d| = R}
SIBJISIETCSI TIOJIOXKUTEJIbHO OPHEHTHPOBAHHO OKPYKHOCTBIO C IIEHTPOM B TOUKE (4 ¥ PaJii-
ycoM R (cm. pue. 3.5).

Permmenue: ucnosb3yercs yreepxkienue 3.2. BeibupaeM napameTpusaruio:
v(t) =a+ Re", tc[—,2n]
[TocunTaeM Tpon3BOTHYIO:
v'(t) = R-ie" dt.

Torma nojcrasum (10 yTBEpKIeHAIO 3.2):

(
I, = /<G+R e’ —a>n'R~z’ et dt = /27T)R"Jrl et j gt =
0

2m
0, n+#-1,
= R"+1-i/(cos(n+1)t+i Sin(n+1)t> dt = . 7
2w, n=-—1,
0
Tak Kak dyHKImn cos(n + 1)t u sin(n 4 1)t mpoxonsr moJi- Puc. 3.5.

HBIN ITEPUO/I.
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3.2. Teopema Komm

Teopema 3.1 (Kommu). [Tyems I' — npocmas xycouno-zaadkas 3amrnymasn kpusas 6 C
(em. puc. 8.6). Ilyecmv G — oepanuvennasn obaacmo 6 C ¢ epanuyet T'. ITycmo maxorce

pyrruuA:
feCl@), feC(Q).

/ F(z)dz = 0.

[ B nmokazarenbcTBe ucnosb3yiorcea yeaopusd Komum—Pumana n dopmyna I'puna uz
Kypca MaTeMaTHIeCKOr0 aHaJN3a.

Tozda:

Sanurirem:
/f(z)dz = /(u+iv)(dw+idy) = /(udx—vdy) +i/(vdm—|—udy).
T T T T
Bgejiem obo3HavueHMs:
I = /(udw—vdy), I, = /(vdm—i—udy).
T T

Bocnosibzyemest popmysoit I'puna (opuerTHpyem co-
[JIACHO PUCYHKY 3.6):

. Puc. 3.6.
/Pd:c+Q dy = ff(@m—Py) drdy, P,QeC', P,QeC@).
G

T

ITocunTaem Torma:

I = /(udz—vdy) = _[[((_Ul") —uy) dz dy = 0,

e a
TaK Kak i GYHKINN © 1 v BeIIOTHAIOTC yesaoBus Ko — Pumana B obnactu G-
Uy = —Vy.

Anamornano pokasweiBaercs, 9To I, = 0. Teopema mokazana. M

3.3. O6o61mennass reopema Korn

Onpenenenne 3.9. IIycrs G — obiacts B C, rpanuiia Koropoit G cOCTOUT 13 KOHEYHOI'O
qucJia IVIaJKNX KPUBbBIX:

k
oG = |1,
j=1

rae I'; — rumagkue kpusele, npudem ['; u Iy mpu j # | MoryT mMeThb oOmuUME TOTBKO
KOHIIEBbIE TOYKHU.
Torna G — 0b6/1acTh ¢ KyCOYHO-TJIAJIKOM I'DAHUIIE.
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3ameTnM, 9TO B CHTyallun n3 onpejesnenns 3.9 kpusble ['; MOryT OBITH BYX BHUJIOB:
1) T'; — npaBmybHad rajKas KOMIOHeHTa rpanuipbl 0G, eciiu:

Vz < Ty, Ve > 0 B B.(2) naitmyrcs touxn u3 G u rouxu u3 C\ (0G),

rie I'; aBigerca Kpusoil 6€3 KOHIEBBIX TOYEK.
Ha pucynke 3.7 — 31o xkpusble 'y, I's u I's.

Puc. 3.7.

2) I') — paspes B obnacrtu G, ecu:
Vzel;3e>0: B.(2) C G\ (0G).

Ha pucynke 3.7 — 3To xkpusas ['4.

Byuem cunrarh, 94T0 rpaHua (GG)+ — IOJIOXKUTEJIbHO OPUEHTUPOBAHA OTHOCHU-
resbio (G, ecyim npu 06xojle rpaHuIibl 00siacTh (G ocraercs cnpaba (Kak MOKa3aHO Ha
pucynke 3.7).

[Tpu sTOM OyjIeM cUUTATh, YTO Pa3pe3bl MPOXOJATCA JIBaXkKJIbl — CHAYasa B OJHY CTO-
POHY, 3aTeM — B IIPOTHUBOIOJIOKHYTO.

Ecim dyuxuua f € CH(G) 6yner 1o HenmpepbIBHOCTH MPOJ0/KaThes Ha G, TO He UC-
KJIFOUaeM, YTO Ha pa3pesbl f MOXKHO MPOJI0JIZKATE TI0-PA3HOMY, TO €CTh MIPEJIEIbl ¢ PA3HBIX
CTOPOH pa3pe3a MOT'YT OTJTHYATHCH.

Teopema 3.2 (Teopema Komm njsi mpoun3BoJIbHO#I OrpaHHMYeHHON obJjacTu).
Hycmv G — oepanuvennan obaacmsv ¢ 2aa0kot epanuvet. Iycmov dyrnryua:

feClq@), feC(@).

/ F(2)dz = 0.

(0G)*+

Tozda:

[0 Unest mokazaTenbcTBa — pasbubaem obsactb G Ha 00aCTH U3 TeopeMbl 3.1 u mpu-
MeHsIEM 3Ty TeOPeMYy K TOJIyIUBITIMCS OOTACTSIM.

Paszbusaem obacts G Ha OrpaHUYeHHbIe OOJACTH KOHEYHBIM YHCIIOM pa3pe3oB (Kak
HoKa3aHo Ha pucyHke 3.8) Ry, ..., Ry, rue:

r: [to,t1] = C, r([to,tl])CG, R:r<[t0,t1}).

[Honyummcs orpannvenubie obnactu Gy, ..., Gy, v Kaxk/JI0# U3 KOTOPBIX — IIPOCTasT
3aMKHyTas KyCOYHO-TJIaIKas TPaHUIA.
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Torna o Teopeme Korrru:

Pacriumiem sty cymmy:

il/f(z)dz: / f(z)dz+ZQ/f(z)dz+/f(z)dz).

(oG)*+ (oG)*+

[To croiicTBaM MHTErpaJIOB:

a 3HA4YUT:

q9TO 1 Tp€6OBaﬂOCb JOKa3aThb. |
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