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JIEKIINS 13

Llenbie 1 mepomopdubie dyHKIUKn. lIpuHIINOD apryMmeHra.
Teopema Pymie.

Omnpepenenne 13.1. Ecim dbynkmus f € C1(C), To f — nenas dyHkuus.

Teopema 13.1 (Buy nensix dbyukimit crenensoro pocra). ITyemo f — ueaas dynryusa,
npuUYeM:

dR>0,dM >0,3In € Z: |f(z)| < M|z|]", Vz:l|z| > R.
Tozda f — aneebpauneckuti MHO20YUAEH CMENEHU HE BVILULE 1.

[ Ilpu nokazaresbeTBe OyIeT UCIOIb30BAThCA (hopmyIia st KoddduimenTos psaiaa Teii-
Jlopa.
T. x. f € CY(C), 10

—+00 1
f(z):Zcmzm, e cm——,/%df, Vp > 0.

m=0

Des orpanmdennst oOIHOCTH MOYKHO CIUTATh, UTO p > R. Torma momydmm:

Cm| = o=

[LO 0 < LU0 L uer,
2m

R — —_— < — —_— pu—
Em+l &l < o |€|m+l dg < o |€|m+1| €|
+

+
P Iy Iy

Mo _
_pnm QWp:Mpn m7
2m
rae (| =pnma € €D,
Ecmum >n, to Mp"™™ — 0 upu p — 0. T. e. ¢;, = 0 myia m > n + 1. naqur,

f(z)=cot+crz+ -+ 2™

Caencreue 13.1 (Teopema Jluysuns). [Tycmo f — uesan dynruus. ITycmo
M >0:|f(z)| <M, VzelZ
Tozda f = const.

Bamernm, 9T0 ecan f — 1esast GyHKIWMST, TO TOYKa 00 — U30JIMPOBAHHAS 0CODast TOUKA.
PaccmoTpuMm Bce Tpu BO3MOXKHBIX CJTyUasd.

1) Ilycrs Touka oo — ycrpanuMasi ocobas Touka. Torma 3 lim f(z) = ¢, ¢ € C. 3na-
Z—00

quT f orpaHuYeHa B HEKOTOPOH OKPECTHOCTU TOYKHU OO, T. €.

IR >0,3M >0:|f(z)| <M, Vz:|z|>R.

Ha kommakre Br(0) mHenpepbiBHast QyHKIW [ SABIsIETCS OIPAHUIEHHOIA, T. €.

M, > 0:|f(2)] < My Vz € Bg(0).

CanemoBarenbHo | f| orpanndena Ha Bcem MHOKecTBe C. 3HaunT 110 Teopeme JInysu-
a1 f = const.
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2) Ilycrs Touka 0o — mosoc nopsijka n s dyuaknuu f. Torma
—0o0
f(2) = (ca2™ +cp12" t -+ ei2) + Z 2",
n=0

rjie ¢, # 0 B HEKOTOPOIl OKPECTHOCTH TOYKH OO.
O6o3HaYIM

g(2) = 2" Fep 12" a2
Pacemorpum dyukmmo h(z) = f(z) — g(z). @yukmusa g(z) — nenasg. T. k. f(z) —

—0o0

nesasi 10 ycsosuio, 1o h(z) roxe nenas. Ho h(z) = > ¢,2" B okpecTHOCTH TOU-
n=0

ku 00. CiiestoBaresibao Jyisi byHKIMU h(z) TOUKa 00 ABJFETCs yCTPAHUMOl. 3HAUUT

1o nepBoMy cirydaio h = const u f(z) — anrebpandeckuii MHONOWIEH CTENEHU N.
~1
f(z)=cp2" + 12" 4+ ez + co.

3) Ilycrsb Touka 0o — cyriecTBeHHO ocobast Touka dbyHKImE f. BO3MOXKHBI pa3jinyHbie
caydan (e*,sinz,cosz,...).

Omnpenenenne 13.2. Oynknust f — mepomopduas, eciu f € CH(C\B), rue Vb € B, b —
nojtioc by f.

Bamernm, 910 y MepoMopdHOil (pyHKIMN He Oojee deM cueTHOe uucyio moJocoB B C
(T. K. g1t Kazkoro nosmoca b ectb okpectHocTh B C, B KOTOPOIi JPYrUX MOJIOCOB HET).
[Tpuaem YR > 0 B kpyre Br(0) ToIbKO KOHEUHOE YHCIIO HOJIIOCOB (T. K. MHAYE HOSIBJISETCS

upejiesbaast To4UKa 1mosocoB B Br(0)).

Sameuanue 13.1. Touka oo a1 MepoMOpdHOIT (DYHKIINN sABISIETC WA YCTPAHUMOMN, MK
[IOJTFOCOM, WJTH CYIIECTBEHHO 0CODO0I TOYKOMN, MU IIPEIeTbHON TOIKOI ITOTIOCOB.

Teopema 13.2 (O pazsoxennn MepoMopdHOil hyHKIUU B CyMMy jipobeit). [Tycms mow-
Ka 00 0as mepomopdroli pynkuyuu fAasasemcs Yemparumot ocobot mowkol Uil noao-
com. Tozda f(z) — payuonanvras dpobs.

(] Ilpu mokazaresibecTBe OyJIeT MCIOJIb30BAThCA pasjioxKeHnue GpyHKIUU B psaj Jlopana B
OKPECTHOCTH KazK I0TO MoJoca f.
T. K. To9Ka 00 He SIBJISIETCS IIPEIeIbHON TOUKOil mostocoB, To v dyukiun f B C ToabKo

KOHEYHOE YHUCJIO HOJIOCOB a1, ds, . . ., ai. IlycTh B oKpecTHOCTH TOYeK a;,l = 1...k
! ! +00
c c
n —1 1
fz)=—"— 4 -+ ——+ E ez —ap)™.
(z —ap)™ z—q
N J m:0
Vv
ai(2)

Paznoxenune dyuknun f B psijt Jlopana B OKpeCTHOCTH TOYKH OO IIPEJICTABUM B BHU/IE:

-~

flz) = gnz” +ep12v 4t az+ Z ™.
m=0

9(2)
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He uckrodeno, aro g =, ecimm 00 — yCTpaHUMAasi TOIKA.
Pacemorpum dyHKIMIO

h(z) = f(2) = Y ai(z) = g(2).

Toryma h(z) uMeer B TOYKAX aj, as, . .. ag, 00 yeTpaHuMble ocobenroctu. Ecmu h(z) mo-
OIIPEJIESIUTD 110 HEIIPEPBIBHOCTUA B TOYKAX a1, s, - . . G J10 h, To h Oynet 1enas GyHKIHUS,
npudeM Jist Hee Touka oo — ycerpanumas. CiemoBaresbHo h(z) = const.

k

J()=c+g(z)+ ) al).

=1

13.1. IIpuanun aprymenTta. Teopema Pyme.

Teopema 13.3 (Borauciienne N — P yepes unrerpan). [lycms G — odnoceasnasn obaacmo
6 C, I' — npocmoti 3amxnymuii xycouro-aradkuti konmyp ¢ G. Ilycmo

feClG\{ay,as,...,ar}), 20eay,as,...,ar — nomoca ynxyuu f, npunem a, as, . . ., a
enympu I'.
G
@
Puc. 13.1.

Kpome mozo, nycmo f&) #£0,Vz € I'. Tozda
J'(z) .
——dz =2mi(N — P),
/76 e
T+

2de N = ny+ng+- - -+n,, — wucro nyset pyuxuyuy f enympu ', cuuman ¢ ux nopadkamu.
P=pi+ps+---+pr — wucao nomocos gpynrkyuu f enympu ', cuuman ¢ ux nopadkamu.

!
[ Ilpu nokazarenberBe Oy/IeT UCIHOJIb30BaThCd TeopeMa Koru o Beraerax s —.

BaMeTuM, 9TO U3 yCIOBHA Cje/yer, 9To BHYTpHu 'y dyHKIME [ KOHETHOE THCIO HY-
qeit by, by ..., by, Eciiu nyneit dyukmun f BayTrpu I 6ecKOHEYHO MHOTO, TO Y HUX OyIeT

npejiesibHast TOYKa - TOXKe Hy/lb dyHkiuu. Ecim npenenbHas Touka Ha ', To Hapyta-
erca ycaosue f # 0 ma I'. Eciu mpesesbHast TOUKa JIeXKUT BHYTpHU ', TO 10 Teopeme

equacreennoctu f = 0 suytpu I'. Cremosarensio f =0 na I
!/

Torna nostyunm, uro y dyHKIUE — BHYTpu [' 0cOOBIMU TOYKAMU MOT'YT OBITH TOJIHKO

MIOJTIOCA A1, g, - . . A U HYIU DYHKIUA by, by . .. by,.
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Ecmu by — vyne dyskmun f mopsaaka n; € N, To

f(z) = (z =)™ ai(2),

rie g;(z) — peryssipaa B HeKoTopoii okpectroctu by u g;(b;) # 0. Torma

f(2) _mlz=b)" " a(z) + (z=b)"g(z) _ m N 91(2)
f(2) (2 = b)"gi(2) 2= qz)

— peryaspHas QYyHKIAA B HEKOTOPOIl OKPECTHOCTH by, TO

gl,(z) = !

p=0

X

(z — b))}

/
B HEKOTOPOIi okpecTHOCTH b;. Crte10BaTe/IbHO IJIaBHASA YACTh PSIIA JIJIs 7 B OKPECTHOCTH by

!/

ny
. Takum obpasom, res — = n;.
z — by f

Ecmu a; — nosroc pyarnym [ mopsiika p;, TO

f(2) = (2 —a) " h(z),

rie hy(z) — perymnsipua B HeKoTopoit okpectHocTH a; u hy(a;) # 0. Cunras Tak:Ke Kak
!/

COAEP2KUT TOJIBKO

" Jig by moJiydmM, YTO IJIaBHasg 4acTb psja Jlopana s 7 B OKPECTHOCTH TOYECK «

/

1
. CJreJioBaTe/ILHO Tes — = —y.
z—q /

paBHa

!/

ITo Teopeme Ko o Bbraerax st 7 u Jtd obyracTu orpanudeHHoi kpusoit [ mory-

UM
T+

CaencrBue 13.2 ([Ipunnun aprymenta). Ilpu evinoaneruu ycaosut meopemuvi 3:

/

! m ' k
J;((;)dz:%m' (lz;rbelsf7+zl:r§lsf7> =2mi((n1+na+-+ny)+(P1+p+-+pr)-

1
%(Afargf):N_Pa

2de N, P — maxue otce, Kax u 6 meopeme 3.

O Ilpu jmokasarebcTBe OyeT UCHOIb30BaHa (dopmysa s Haxoxaenus Ararg f. U3
MPEIbLIY X JIEKITUIA:

') = (1o Teopeme 3) = Im (2w (N — = 2w(N —
f(z)dz = ( p 3) = Im(27i(N — P)) = 2n(N — P),

Ararg f =Im /
f

T.kK. N—P€EZ.
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Puc. 13.2.

Teopema 13.4 (Teopema Pyme). ITycmv G — odnocesasnas obaacmov, I' — npocmot
samrnymuid Kycouno-zaadkut xowmyp 6 G. Ilyemsw f,g € CH(G), npuvem
[f(2)] > [g(2)],Vz €T

Tozda wucno nyaet gynryuu f enympu I' (cyumasn emecme ¢ ux nopadkamu) pasro
wucay nyaet gynkuyuu f+ g enympu ' (cuuman emecme ¢ ux nopadkamu).

(] Ilpu mokazarenbcTBe OYIET MCIOIb30BATbC PUHIIAI apryMeHTa.

IIycts Ny — uncino myneit dynkmuun f sBuyrpu I' (cumrast BMecTe ¢ HX IOpsiIKa-
vu), Nyy, — aucio nyneit yuknun f + ¢ uyrpu [N (cumras BMecTe ¢ UX HOPSAKAMI).
Yrobbl ucoib3oBaTh Teopemy 3 mposepum, 9o f #0u f 4+ g # 0 na I

[To ycJioBHIoO:

[f>1g(z)[ =20 = |f(2)] > 0¥z €T,
T. e f(2) #0mal.

fE) + 9@ > =9I =0 = [f(z) +9(x)| > 0vz €T,

T e (f(z)+g(2)) #0mnal.
ITo npuHImIy aprymenra:

1 1
Nivg = 5 Ararg(f(2) +9(2)) = ;- Ararg f (1 + %) —
T. k. p =0, TO MOJIFOCOB HET.
IIycTh
Ararg | 1+ M = Ay argw
f(2) 7 ’
pre w = p(2), () = 1+ L2
’ f(2)

7 <1lmual, ro o) C Bi(1).

T. x. o ycyoBuio

dw
Agyryargw = Im/ — =0,
o(

r w
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? o(I')
(—— -
r M
Puc. 13.3.

T. K. BHyTpH (') mer Toukn nosb. Crenosaresnsno Nyy, = Ny, T. K.
9(2)
Ararg |14+ —=] =0.
( f<z>>

ITpumep 13.1.
Py(z) = 2>+ 32+ 1.

PacemorprM, CKOJIBKO HyJTIeil mMeeT MHOTOUJIeH (cunTas ¢ KpaTHOCTBIO) B 06J1acTh

{]2] < 1}.

Puc. 13.4.

[IycTn

Torna mst |z| = 1 momy«mm:
[f(2) =1321=3, lg(x)l=1"+1 <[ +1=2, [f]>]gl

Caenosaressio dbyuknus Ps(z) = f(z) + g(z) umeer B obiactu {|z| < 1} croabko xke
KOpHeii, CKOJIbKO u f(2), T. €. OJIUH KOPEHb.

Teopema 13.5 (OcnoBnas Teopema asire6psl). Ilyemo P,(z) = ¢ 2™ + -+ + 120 + co,
ede ¢y, ...,c1,cq € C. Toeda P, umeem 6 C posro n xopHeti, cuumas ¢ ux Kpammocmamu.

(] Ilpu jokazaresibeTBe OyJIeT MCIOJIB30BaThes Teopema Pyiire.
[Tycts f(2) = 2", g(2) = cp1 2™ 4+ + 12 + co.

z
M| — 0, mpu |z] = +o0.

f(2)
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CaenoBaTeIbHO

9(2)

f(z)
I[To reopeme Pymie mns f, f + g B kpyre Bg(0) dyskimn

JRy : VR > Ry <1,Vz:|z| = R.

f(z):cnzn, Pn<z):f(Z)—l-g(Z):cnzn+---—|—clz—|—co

UMEIOT OJIMHAKOBOE YUCJIO HyJIell, cunTas ¢ MX KPaTHOCTAMHU, T. e. n Hyjeil. f(z) = ¢,2"
uMeeT ofuH Hysb zg = 0 kparHOocTu n. T. K. muorowren P,(z) B Kaxaom kpyre Bg(0)
npu R > Ry umeer pOBHO n KOpHeii (cumrasi ¢ KpaTHOCTAMH), TO P, MMeeT POBHO N
kopueit B C.

|
13.2. IIpunnun coxpaneHus 06JiacTu
Teopema 13.6 (IIpunnun coxpanenus obiaacru). [Tyemv G — obaacmo 6 C,
f € CYQ), f # const. Toeda f(G) — obaacmu.
JIemma 13.1 (O6 orkpeiroctn). [Tycmo dynruus f peeysapna 6 mowke zg, npuvem
f/(ZU) =0, f”(zo) =0,... 7f(n_1)(20) =0, f(n)<20) 7£ 0.
Puc. 13.5.
Tozda .
de >0, 30 > 0 : Yw € B.(wy),
2de wy = f(z0) cywecmsyem poeno n passuMHLT npoobpazoé npu omobpasicenuu f

[¢] Bg(ZQ).
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