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JIEKITUS 2

HnddbepenmmpyemMoctsb QyHKIINN KOMILJIEKCHOTO IIEPEMEHHOTO

2.1. IunddepentiupyeMoctb HyHKIUN

Onpenenenune 2.1. Ilycts:
GeC, G#NO.

Touka zy € G HasbIBaeTCs BHYTPEHHEH TOUKOI MHOXkecTBa (G (0b03HAUaercs z €
int ), ecsin ona npuHaIeKUT G ¢ KAKO#-TO OTKPBITOHl OKPECTHOCTBIO, TO €CTh:

36 > 0: Bg(ZO) C G.

Onpenenenune 2.2. Ilycrs ectsb dyHKIHNS:

f: GcC—C.
[IycTh ecTb TOUKA:
zp € int G.
Torna ecnn:
. [+ Az) = f(20)
. Alirgo Az = ['(z),

to byukius f — auddepennupyema B Touke zo (obosnadaerca f € D(z)), a f/ — ee
IIPOM3BOSHAS.

Sameuanue 2.1. Oyurnusa — nuddepeHimpyema B TOUKE 2y, TO €CTh:
f € D(z)
TOIJIA U TOJILKO TOTJIa, KOTJIA:
Af = f(z0) - Az +alAz),

rie:
Af = f(z0+ Az) — f(20),

a o — (byHKIII/IH KOMIIJIEKCHOI'O II€EpEeMEHHOI'0 TaKagd, 9TO:

Teopema 2.1 (YcnoBus Komm-Pumana). ITycmo ¢gynruus:
f=ulz,y)+iv(z,y), G—=C,

ede z = x +1y.
IIycms mouxa:
20 = To + Zy()
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Tozda:

( u, GCR? Uc D<(l‘0,yo)>7
3f'(z) = VS D((xo’y(’))’
U;(I‘O, y()) — U;(IEO, yO)v

L Uly(%,yo) = —, (20, Yo)-

Tozda maxorce ecau If'(2g), mo:

['(20) = (20, yo) + 10} (20, Yo)-

CyTb Teopembr 2.1 B TOM, 9TO OHA sABJIAETCA KpurepueM JuddepeHnupyeMocT B TOU-
Ke.

(] B nokazaresbeTBe UCHOJIb3yeTcsd 3aMedanne 2.1 u ornpejenenue guddepeHiupye-
MocT (bYHKINE B Touke B R? U3 MaTeMaTHIeCKOro aHajIn3a.

[leppas acThb (=): mycTh:

Af'(20) = a + bi.
Torpa no 3amevanuio 2.1 npupamenue GyHKIMA BLITVIAIAT TaK:
Au+iAv =Af = (a+ bi)Az + a(Az),
rie:
Ay = U<ZO + Ai[), Yo + Ay) - u<$07 yO)?
Av =v(z + Az, yo + Ay) — v(xo, Yo).

HpI/IpaBHHeM (TaK KaK KOMIIJIEKCHbIE YHCJIa COBIIaJalOT TOI'Ja M TOJILKO TOI'la, KOI'Ja
COBIIaJal0T UX COOTBETCTBYIOIINE ,II‘QI'/JICTBI/ITGJH)HI)IG 1 MHHMBIE T{ELCTI/I)I

Au = aAzx — bAy + a1 (Ax, Ay),
Av = bAz + aAy + as(Ax, Ay).

Tak Kak 13 ycJ10BUA TEOPEMBI CJIEYET, ITO:

. alAz)
Al,lzrgo Az =0,

TO 3TO PaBHOCUJIbLHO TOMY, 4YTO:

a(Az)
Az

—0 mpu Az —0.

PaccmorpuMm orenky:

0< ’al(AJJ,Ay)‘ < ‘a(Az)‘.
Orenka BepHa, TaK KakK KaTeT IPSAMOYTOJILHOIO TPEYroJbHUKA He AJIMHHEE MUIIOTEHY-
3bl. Torja paszeanM jaJiee:
a1 (Az, Ay)| - la(Az)]
< )
‘Az| ‘Az‘

~X
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[Tomy4waercs, 1aro:

la(Az)|
|A2]

a 3Ha4NT, 9TO (DYHKIM OrpaHUYeHa JAByMs (DYHKIUAMU, cTpeMsdimuMucs K Hy/o. 1lo

TeopeMe U3 MaTEeMaTUIeCKOTO aHAIN3A «0 06YT MUAUYUOHEPAT» TIOITY TUM:

lim |0z1(Ax, Ay)‘

Az=0  /Ax? + Ay?

0=0, — 0,

=

HCIIOJIb3Yy<, 9TO:

Ax — 0,

Az — 0 <—
: {Ay—)O.

Tagum O6p&30MI
Az, A A 0,
041( X, y) { xr —

VAT £ Ay Ay — 0.

CrenosaresbHo, hyHKIusa u — nuddepeHnupyemMa B ToUKe (g, Yo) IO OMPEIETCHAIO
JubdepeHImpyeMOCTH U3 MATEMATUIECKOTO aHaIn3a, IIPUYeM:

Uy (0, y0) = a,
w, (w0, o) = —b.

AHAJIOrMYHO MOXKHO IIPOBECTU BBLIKJIQJAKHN JIJIA (byHKIII/II/I v n y6e,ZLI/ITbC§I B TOM, 9TO:

Urak, moxygaaem:
Uz (%0, Yo) = vy(o; Yo),
uy(x(]?y()) = —(Z0, Yo)-

Bropas qacTh (<): U3 ycJI0BUS TEOPEMBI CJIE/IYET, UTO:

u € D((xo,yo)>, v e D((Io,yo)>,

IIpUYeM:

UI(ZL‘(), ?Jo) = Uy<m0a 90)7
Uy(xo,yo) = —v(T0, Y0)-

Pacemorpum B TOoUuKe z nipuparienne (OyHKIUNT:
Af = Au+iAv.

Tak kak u u v — auddepennupyeMpr B ToUke (g, Yo), TO 3aIUIIEM HHAYE:

Af = (%(%;%)Ax + 1wy, (0, o) Ay + al(x07y0)>+

+ Z'(U;(xo’ Yo) Az + U;(fﬁo, Yo) Ay + (o, yo))-
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3aMeHnM Jasee vy Ha Uy, & Uy, (—U,):

Af = <uxA:1: — v Ay + a1> + i(vaa: + u Ay + a2> =
= (ux + ivw) (Aaj + Z'Ay) + a1 + tao.
Pacemorpum dyHKIHIO:
a = o + 1as.

Nsz-3a nuddepeniupyemoctu pyHKIUH © 1 v:
a1 (Az, A
lim 1( ) y) =0

Az—0 A /Aflj2 _|_ Ay2

AHAJIOrUYIHO TOJTyaIuM JIJIs (vp. TOTIa TPOBEJIEM CJIEJIYIONLY IO OIEHKY:
0< ‘a(Az)‘ < ‘al(Ax,Ay)’ n ‘ag(Aa;,Ay)‘.

Pazgemmm:
[a(a2)] _ [on(Az, Ay)| | Jas(Ax, Ay)|

Az T A+ AR AP+ Ay

~

BamMeTum, 4TO:

VAz? + Ay? LA+ A2 ’

3HAQ4YUT, II0 TeoOpeMe «O0 ABYX MUJIMIIUOHEPaX»:

0=0,

CaenoBatesnbho, 110 3amevanuio 2.1, f — muddepennupyema B TOUKe 2y, TPUIEM:

I'(20) = ui (2o, Yo) + 10, (20, Yo),

a 3Ha4nT, Teopema jjokazaHa. W

Samevanue 2.2. CpoiicrBa Momysteit gocioBHO mepeHocaTes n3 R B C, a mmeHHO:

21

Z9

o |Zl|
|Z2|

[7122] = 2] - |22

Y

4TO OBLJIO MCIOJIL30BAHO B JI0OKA3aTEIbCTBE TeopeMbl 2.1.
ITpumep 2.1. Ectb dyuKIHUA:
f(z)=z=x—1y.

PaccemotpumMm, rie ona guddepentmpyema. Tora:

U(l’,y) =, U({L‘,y) =Y.
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QyHKIIAN:
u € D(R?), v e D(R?)

KaK dJ1eMeHTapHble (DYHKITIH.
PaccmorpuM niponsBosable:

Uy =1 # v, = —1

B TouKe (2,Y) € R%
3HAYAT, XOTh U BBILOJIHAETCS YCIOBUE:

uy =0=1v, =0,

HO BCe PaBHO:

3f'(z), VzeC.

st jtyarero nonnMmanust TeMbl OyjieM paceMarpuBaTh GyHKuio f(z) = Z nogpobHee.
OTa QyHKINS ABJIsAeTCHS 0TOOparXKeHNeM IIJIOCKOCTH, TIPH KOTOPOM ITPOUCXOIUT OTPaZKeHNe
miockoctu R? ornocurensuo ocu Oz (em. puc. 2.1).

Ha pucynke 2.1 mokazaHo, 9TO yroj Ipu OTPaKEHUHN y M
HE COXPAHSETCs. DTO MPOUCXOUT, TTOTOMY UTO MEHSIETCS
OpUEeHTAIlNs yIJia, & Pa3 U3MEHAETCS 3HAaK yIJia, TO YroJl
He COXpaHSIeTCs. .

ODTUM WJLTIOCTPUpYyeTcs TOT (baKT, UTO MOHATHE JTHD- :
depenrupyemoctu B C ropazso crpoxe, dem B R.

sy

Sameuanue 2.3. I3 R B C nepenocdarcss Bce OCHOBHBIE .
CBOWCTBa IIPOU3BO/IHONA, TO €CTh:
1) Ecmu dyukius nuddepernupyema B TOUKe, TO OHa
B HEl HEIIPEPBIBHA:

I

feD(z)= feC(x). Puc. 2.1.

2) Ecou:
f€D(20), g€ D),

TO BE€PHBI CBOICTBA:

(f+9)=f+d, (f9)=TFfg+fd,

(f) ~L9IT g 20

9 g

Puc. 2.2.

3) Ecm f(z9) — Buyrpenuss touxa D(g) (obmacrtn
OIPEJICJICHAS ), TO €CTh:

f€D(x), ge D(f(=)).

TO BEPHO CBOMCTBO:

(9(70))) =9/ (F(z0)) - F'(20).
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2.2. Perynsipubie byHKIIUM

Onpenenenune 2.3. Muoxectso G € C — OTKpBITOE, ecjin KaxKiast ero TOYKa — BHYT-
PEHHAA, TO €CTh!:
Vzo € G 2z € intG.

Omnpeaenenne 2.4. Eciu muO)KecTBO G € C — OTKPBITOE, TO OHO SIBJISIETCSI CBSI3HBIM
MHOKECTBOM, €CJIH JII0ObIE ero JIBé TOUKH MOXKHO COEJINHUTH KPHUBOI, IIEJTUKOM JeKalieit
B (G, TO eCTh:

Vai,22 € G Fy: [to,tl] = G, A(te) =2, ~(t1) =z
Omnpenenenne 2.5. OtkpoiToe cBazHoe MHOKeCTBO (G € C HazbiBaeTcsd 00J1aCTHIO.
Onpenenenune 2.6. [Iycrs G — obnacts B C, a dyakmms:

f: GcC—C.
Torma dyuknusa f — peryaspHa B GG, ecimn:
fecia),
T0 ecthb cymecrsyer f' B (G, 1 oHa HenpepbiBHaA B (.

Onpenenenune 2.7. Oyuknus f peryisspHa B Touke 2y € C, ecm:
fec <B(;(zo)>.
Samevarue 2.4. Bepna nemma I'ypca: eciiu G — obnacrs, a dyukius f € D(G), To:
f e CHa).
Paccmorpum pazmdnbie puMepbl PEryIsapHbIX (yHKITHIA:
ITpumep 2.2. Nmeerca pyHKIms:
f(z)=2", mneN.

[IpoBepuM ee Ha PEryJIsIPHOCTD:

lim (z0 + Az)" — 2 _ im 22+ nzd Az + @zz}_z (A2 4 =20 _
Az—0 Az Az—0 Az

=n-z07'=> VxeC f(z)=n-2""N

Tak kak f' — onsarh crenennast GyHkiwsa, o f' apiasgercs nuddepennupyemoii B C,
a 3HaunT — HenpepbiBHOM B C. Takum obpasom, f' — perymaspua B C.

Omnpenenenne 2.8. /lisi KOMILIEKCHBIX YHCE]T IKCIIOHEHTA OIIPEJIETISETCsI CJIEILY FOITUM
obpaszoM:
e =e". e = em(cosy + isiny), VzeC, z=ux+1y.
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ITpumep 2.3. [Iposepum cBOICTBA SKCIOHEHTHI:
u(z,y) =e"-cosy, wv(x,y)=¢e" siny.
Kak ssiementapubie gyHKImm:
u € D(R?), v e D(R?).

Torna sanmirem:
Uy = €7 - COSY = Uy,
— T o3 —
uy = — €' siny = —u,,

3HAYHT, BBIOJIHEHBI ycjioBusd Kormm-Pumana.
CaenoBatesbHo, 110 TeopeMe 2.1 sta dynknus puddepennupyema B Kaxk 1o Touke C:

f € D(C),
a TaKKe:
f(z) =ul(z,y) +ive.(z,y) =€ cosy +ie"siny =e* = (&) =¢*.

N3 nuddepeHmpyeMocT CHOBa CJIE/lyeT HEIPEPbIBHOCTH, a W3 HEIPEPBIBHOCTH —
PEeryJIIPHOCTD, TO €CTh:

fecClo).

Onpenenenne 2.9. Tpuronomerpudeckue u runepoosimdeckue OyHKIUT 11 KOM-
IIEKCHBIX YUCEeJT OTPEIEITIOTC TaK:

eiz + e—iz ] eiz _e—iz

cosz:T7 smz:T,

e* 4 e % . e*—e™?

coshz = ———  sinhz=———
2 2

Tpuronomerpudeckue u runepbomdecKne (POPMYIIbl st KOMILIEKCHBIX THCEJI CJIE/Ly-
0T 13 popMyJibl Diijiepa:

Vo €R €% = cosp +isin g,

Vo €R e =cosyp —ising.

OueBnyaO, 9T0 B R 3TN0 DYHKIIMH — BEPHBI.
U3 npumepa 2.3 u CBOHCTB MPOM3BOJHOM n3 3aMedanus 2.3 (CyMMa, CyNeprIo3uIyst )
CJIEJIy€eT, UTO:

e* e ? e _ g%
coshz) = | ——— | = ———— =sinhz.
( ) 5 5
AHAJIOTIIHO MOJTY 1M
(sinhz)" =coshz, (cosz) = —sinz, (sinz) = cosz.

Y Bcex derhIpex (pYHKIHUI MPOU3BOHBIE CYIIECTBYIOT W HENPEPBIBHBI, a CJI€I0BATE b
HO, TN (PYHKIIMU — PEryJIsAPHBI.
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Samevarue 2.5. JIjiss TPUTOHOMETPUIECKUX U THIIEPOOJTNTIeCKUX (DYHKITUI J7TsT KOMILIEKC-
HBIX YUCEJT BEPHBI CBOMCTBA:

cosh(iz) = cosz, cos(iz) =coshz, VzeC,
sin(iz) = isinh z, sinh(iz) =isinz, Vz e C.

Sameuarue 2.6. I3 R B C nociosHo (6e3 usMenenuii) mepeHocares Bee (pOpMyIIbl 0ObIYHOT
TPUTOHOMETPHUU U THIEPOOINIECKON TPUTOHOMETPUN, K IPUMEPY, CJICIYIOIIHE:

cos’z+sin’z=1, VzeC,
2 I
cosh®z —sinh“z =1, VzeC,
cos(21 & 23) = cos 21 - €O 29 F Sinzy - Sin 2.

DT0 3aMevYaHue MPOIIE JI0KA3aTh [TO3HEe Yepe3 TeopeMy €JIMHCTBEHHOCTH, XOTs KarK-
JIYIO (pOPMYJIY HECJIOYKHO JIOKA3aTh U MPSAMBIM BBIYUCICHUEM.

2.3. N'apmonunydeckue PyHKIINN
Onpegenenne 2.10. Ilycts G — obmacts B R?. Torma dyHxmms:
u: GCR* =R
HA3bIBAETCSI TAPMOHUYECKOU B (7, €CJIH BBIIIOJIHEHBI YCIOBHSA:
u € C*G), Au= 1ty +u,=08G.
Teopema 2.2. IIycmv G — obaacmov 6 C. Qynkyusa f:
f: GcC—C, feCYq),

npuem:
f=u+iv, ueCG), veC*Qq).
Tozda Pyrryuu u u v ABAAOMCA 2apMOHUNECKUMU 6 obaacmu G.

Sameuanue 2.7. Teopema 2.2 BepHa u 6€3 JOMOJTHUTEILHOTO YCIOBUS:
u e C*HG), veC*a).

910 OyIeT JI0Ka3aHO MO3KeE.

Teopema 2.2 3ajiaeT CBA3b MEXKJIy PEryIAPHLIMU (PYHKIUSAMU U TapMOHUYECKUMU
dyuknusavu. Jokaxkem ee:

L] B nokazarenbcrse ucnosb3yercd yeiaoBue Komu-Pumana. V3 yciioBus Teopembl ciie-
nyet, 1uto B G:

Uy = Vy, Uy = —Vy.
Paccmorpum Torma:
Upy = Uy, Uy = —Ugy.
CitoxkuM:
Ugy + Uy = Vyg — Ugy = 07
TaK KakK:

ue C*G), veC*qQ),

TO €CTh, U — TrapMoHndeckas B (G. AHAJIOTUYHO JTOKA3BIBACTCsI, ITO (PYHKIINAS U TAKIKE
SIBJITETCST TAPMOHUYIECKO B (G, ITO MPUBOJIUT K JOKa3aTeabCTBY Teopembl. Ml
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Teopema 2.3. IIycmv G — odnoceasnas obaacms 6 R?. Qynxyus v — eapmonureckas
6 G. Tozda:

If e CHG): v=1Imf.

CyTb TeopeMbl 2.3 3aKJII09AETC B TOM, ITO PEry/ISPHYIO (DYHKIMIO MOXKHO BOCCTAHO-
BUTH 110 €e MOJOBUHE (MHUMOI 9acTH).

Sameuanue 2.8. Obmactb G — OJHOCBA3HAS, €CJin JIJisi JTFO00H 3aMKHYTOH KPUBOIt :

Yy - [to,tl} — G dG: [to,tl} X [O, 1} — (G — HeIpepbIBHOE :
G(t,0) =~(t), Vte [tg,tl}; G(t,1) = zy 1 HEKOTOPOit TOUKH 2, € G.
Crarupanue B TOYKY IpH 1e(OPMUPOBAHUY [I0KA3aHO Ha PUCYHKe 2.3.
Ha pucynke 2.4 noka3aHo, 4T0 OKPY2KHOCTb He sIBJI€T-

cs1 OHOCBA3HOM 00J1aCThIO, KaK 1 Jiobast 00J1aCTh C «JIbIP-
Kamu» (cM. puc. 2.5).

Samevanue 2.9. Ananoruvanas Teopema BepHA IS
v=1Imf.

[Iepeitem K g0Ka3aTEILCTBY TEOPEMBI 2.3:

[J B jokazaresbcTBe HMCHOJIB3YIOTCA yeaoBus Kormu-
Pumana u Teopema o CyImecTBOBAHNN TIOTEHITHATIA JIJTs BEK- Puc. 2.3.
TOPHOT'O TIOJI U3 MATEMATUIECKOTO aHAJII3a.

Uckomas dbyHKIMS JTO2KHA TMETb BHT:

f=u+1v.
3/1ech © — HEU3BECTHO. TaK Kak IO yCJIOBUIO:
f€CHG),
To u3 yeyouit Kormm-Pumana ciemyer, aro B G-
Up = Vy, Uy = —Vy.
Obosznagunm: Prc. 2.4.

Uy = Vy = P(Z’,y),

Uy = Vg = Q('Tay)

[To yciioButo, byHKIMA v — rapMOHUYECKas, TO €CTh:

veC*@)= PQeCHqG).
Takzke HEOOXOIUMO OTMETHUTh, 9TO:
P, =uvy, Q)= Vs, Puc. 2.5.

CJIeIOBATE/THHO:
Py — Qu = vyy + vgp = 0.
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CretoBaTeIbHO, IO TEOPEMe O CYIIEeCTBOBAHUH ITOTEHITHAJIA, [IJTsT BEKTOPHOTO 110151 P, ():
Ju: u,=p, u,=qsG.
Taxum obpazoM, B3AB (DYyHKIIHIO:
f=u+1iv,

IIOJIYYUM CJIELYIOIIEee:
f € D(G),

TaK KakK 110 IIOCTPOEHUIO U U ¥ CBA3aHbl yejaopuamu Komm-Pruvana.
[To Tem xe ycimoBusim Komm-Pumana:

= uy + iv,.
!/ .
Taxk kak u 1 v — HenpepbiBHbl B G, 10 f’ — HemnpepbiBHast B (G, a cje10BaTe/IbHO:
' e CHG),

9TO U TpeboBasioch JoKa3aTh. M
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