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JIEKIINS 14

KondopmHublie oToOpa>keHns

14.1. Ilpunnun coxpaHeHus obJIacTu

Teopema 14.1 (Ilpunnun coxpanenus obiaacru). I[Tycmo G — obaacmov 6 C, dynruyua
f € CHG) u nyemv f # const. Tozda f(G) — obaacmo.

Jlemma 14.1 (O6 orkpeiroctn). [Hycmov gynkyus f pezyaspna 6 mouke zp, m. e.
36 >0: f € CY(Bs(2))

U NYCmos
f(z0) = f"(z0) = ... = f(n_l)(zo) =0, mo f(n)(zo) # 0.

Toz0a '
36 >0, de>0:VYw € B(wo)

HaUAYMEA POSHO N PA3AUNHHLE NPoobpasos npu omobpasicenuy f 6 Bs(2g), 2de wy = f(z0).

Puc. 14.1.

[ Jlnsg mokasare/ibecTBa UCHOIb3yeTcd TeopeMa 00 o0paTHO# (DyHKIINN.
N3 ycnoBug: Touka zg — HYJIb HOPSIKA N JJId DYHKIIUN

f(z) = f(z) = [f(z) = f(z0) = (2 —20)" - h(2),

rie h peryasipua B zo, h(zg) # 0.

Pacemorpum Beomoraresbuyio dyuknuo: v/h(z) (muorosnaunast dpyukiums). T.K.
h perymaspua B zo u h(zp) # 0, To 30 > 0 Takoe, uto B Bgs(zyp) MOKHO BBLIEIUTH 7
peryisipabIx Berseil VA, MyCTh gy — OLHA U3 STUX PEryJISPHBIX BETBEH.

Pacemorpum B Bs(zo) dyHKIMIO

£(2) = (2 — 20) - go(2).

Bamernm, uro § € C(Bs(z2p)), npudem

§(z0) = (1-9(2) + (2 — 20) - §'(2)) 2=z = 9(20) # 0.

Torga o Teopeme 06 obparnoit yukiwn s Gyukiun £(2) @ 3o > 0 : B B,(0) (1 k.
&(z0) = 0) MoxKHO pacemoTpeTh 06parHyio dhyHKIMIO K £(2), KoTopas orobpaxaer B, (0)
B Bj(z0), 7. e. V rouku £ € B,(0) ectb poBHO ouH mpoobpa3 B Bs(2p).

Pacemorpum B B, (0) dyukimo w(f) = £". Samernm, ato w(By(0)) = Byn(0).
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£=4(2)

Puc. 14.2.

S(Zw(S) 5

Puc. 14.3.

§

Bamernm, 9o npu orobpazkenun w = w(€) y Kaxk ot Touku w € Byn(0) ecTh pOBHO
n upoobpaszos B B,(0). Torma mua dyuxmun w(z) = w((2))mna kaxmoro w € Byn(0)
POBHO 1 IPoOOPA30B B IlepBOHAYAILHOM ypoBHE Bj(2g). Ho 3ameuaem, uro

f(2) = f(z0) = (2 = 20)" - h(2) = ((z = 20) - 90(2))" = (£(2))" = w(&(2))"

[Tonmyuaercs, 4o
f(z) = f(z0) +w(&(2))",

T.€. €CJIA B3ATb € = 0", TO JeMMa OyJ/IeT BBIIIOJIHEHA. [

Samevarnue 14.1 (OgmomuctHocTs B MasoM). f'(zy) # 0 <= f B3auMHO O/HO3HAYTHA B
HEKOTOPOI OKPECTHOCTH Zo (€C/IM MPOM3BOHAS PEryJIspHOil QYHKINE B TOUYKE HEe PABHA
HYJIIO, TO (DYHKITHS JIOKAJIBHO B3aUMHO OJIHO3HATHO, & €C/IH PABHA HYJIIO, TO He SIBJISETCS
B3aMMOO/IHO3HAYHOM ), T. €. f OJHOJUCTHA B MAJIOM, T. €. JIOKAJBHO OJIHOJIMCTHA.

IIpumep 14.1.
f(z) =€, f'(z)=e#0 VzeC,

HO

ez+27rkz — ¢?

Y

T.e. f He sIBJIeTCs B3aMMHO OJHO3HAYHON B JIIOOOI 0bJsiacTu, cojepzkaleil 1Be pasHble
TOUKM 2, U 21 + 27wki, k € Z, T.e. ycjioBHe

f'(z)#0 Vzed
He TapaHTUPYeT B3aUMHO-0HO3HAYHOCTH f B (G (OJIHOJUCTHOCTD B GOJIBIIIOM).

O Jdns nmokasarenabeTBa HCmosb3yercs jgemma 14.1 1 coxpanenue CBS3HOCTH IPH HeIpe-
PBIBHOM OTOODAsKEHUH.
1) Hokaxewm, aro f(G) — orpsiTo (ecau G — obmacTh). PaccMoTpuM mMpon3BOIbHY IO
Touky wy € f(G). Torma
dz0 € G & f(z0) = wy.

T. k. o ycioBuo f # const, To

In e N: f™(z) £ 0,
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G fG)
Puc. 14.4.
IPU YCJIOBUH, YTO
f(z)=...= f(nfl)(zo) =0,

HO He UCKJIo4YeHo, uto n = 1. Torma o jtemme 14.1
36 >0, 3Je>0:Yw e B.(w)

HaiiiéTest poBHO n 1poobpa3oB Bs(zg) Bes orpanmuenust obIHOCTH paccy K IeHui
MO2KeM CYUuTaTb, 9YTO

Bs(z0) CG = B.(wg) C f(G).

B cumy npousBosibHOCTH BBIGOpa W f (G) OTKPHITO.
2) T.x. G — cBazHO, T.e. V21,20 € G J xpuBag [, coennusiomas z; u z; BayTpu G.
Torna f(G) — KpuBasi, coeMHSIIONIAS

wy = f(z1),  wa= f(22)

Buytpu f(G). Tak kak jjis jg00bx wi, wy € f(G) HaiimyTes mpoobpassl 21, 29 € G,
to f(G) cBs3HO.
[ |

Caencrsue 14.1 (Ilpusnrimmn MaKCHMyMa monysist). [Tyemo G — oeparuiennan obracms 6
C, pynxyua [ € CHG), f € C(G), npuuem f # const. Tozda sup, g |f(z)| docmueaemces
cmpozo wa epanuye G.

0 Jlos 1oKasaTe bCTBa MCHOIb3YeTCs MPUHIIAI COXPAaHEHUs 00JIACTU B JOKA3aTETbCTBE
OT IPOTUBHOTO.
IIycTb

Jz0 € G 1 | f(20)] = sup [ f(2)]-

2€G

Puc. 14.5.

T. k. o Teopeme 1 f(G) — obracts, 10 wo = f(z9) — BuyTpennsas rouka f(G). T. e.

Je > 0: B.(wo) C f(Q).
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Torna B B.(wp) MOXKHO HaWTH TOYKY w, KOTOpas yjajeHa orT Touku Ha 0 Ha GoJibliee
paccrosinue, yem wy (Hanpumep, Ha jyde u3 0 K wp, ecan wy # 0). T. k.

JzeG: f(z) =w,

TO
£ (2)] = [w]| > |wo| = [ (20)],
9TO POTUBOPEYUT TOMY, UTO

| (z0)] = sup | f ()]
zelG
ITosryaennoe nporuBopedne oKa3bIBaeT cpecTsue 1 (T. K. sup, g | f(2)| Touno rue-to
nocruraercs, T.K. G — xommakr). [losyaennoe mpoTuBopedne J0Ka3bIBaeT CpeJcTBHE 1
(T. K. sup,.q | f(2)| Touno rme-to gocruraercs, T.K. G — KOMIIAKT). |

Caencrsue 14.2 (ITpuanumn MmakcuMyMa 1 MEHIMYMa FrapMOHIYECKON GyHKuu). [Tycmo
G — ozpanumnennas obracms us R?, nyemo u — 2apmonuneckasn dynxuua 6 G, m. e.

AU = Uy + Uyy = 0,

npuvem u € C(G), u # const. Toeda sup, , g u(r,y) uinf e u(r,y) docmuearomes
cmpozo na eparuue G.

O Jlns mokasareIbCTBa HCIOIb3yeTcs TeopeMa 14.1, m0Ka3aTeabecTBO OT IPOTUBHOIO U
CBSI3b PEry/IAPHON (DYHKIMU C TADMOHUIECKIMU.
Hokazkem jyrst sup (s inf anagormano). [peamonoxkum npoTuBHOE:

(o, 0) € G u(wo, o) = sup u(w,y).
(z,y)eG

T.x. G — obaactb, TO
36 > 0: Bs((wo,y0)) C G

— kpyr (omHOCBsi3HAst 0OsacThb). CiiemoBaTe/IbHO, 10 TEOPEME O BOCCTAHOBJICHUH PEry-
JISIPHOIT (DYHKIMH 110 TaPMOHUYECKON (110 JeHCTBUTEILHON YacTh) CyIecTByeT (yHKIHs
f € CY(Bs(20)), tae zo = xg + iyo Taxas, uro u = Re f B Bs(20).

Puc. 14.6.

T.k. u # const, To f # const. Torma mo reopeme 14.1 nust f u st obsactu Bs(zp)
BepHO: f(Bs(z0)) — obmactb, T.e. wy = f(29) — obsacTs, T. e.

de > OBE(wo) C f(B(g(Zo))
BHauuT, CymecTByeT TOYKa

w' € B-(wp) : Rew’ > Rewy.
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T.x. w' € B.(wy), To 32" € Bs(20) : f(2') = w'. Ecin 2/ = 2’ + 4y/, To monyvaercsi, 9o
u(zo,y0) = Rewy < Rew' = u(2', '),
9TO MPOTUBOPEUUT TOMY, UTO

U($07 Z/O) = Supiu(x, y)?
(z,y)€G

T.K. Bs(z0) C G). CaemoBarenbho, supu B G mocruraercs va rpanune G (gocturaerc,
T. K. G — KOMITIaKT).
Anastornano g inf. [ |

14.2. Teomerpuyeckuii cmoica |f'(z)| n arg,, f'(2)

[Tycrs f € CY(Bs(2)), riie z € Z, § > 0, npuuém

f'(2) #0 Vz € Bs(z).

Puc. 14.7.

[Tycrs I' — rnajkast kpuBasi B Bj(2g), mpoxo/siast depes zg. [lycrs
v:to—o,to+0] = C
— jomycruMas napamerpusanus [N, 1. e.
yeC' ([to—o,to+0]), Y (t)#0 Vte[to—o,to+0], (to) = 2.
Torga w(t) = f(y(t)) — nmapamerpusanus MHOXKecTBa f(7), IPHIEM
w'(t) = f'(v(t) - 7(t) #0 Vi€ [to — 0.t + 0], (14.1)

K. f'#£0uvy #0, r.e. f(I') — rnaakas kpusasi, mpoxojsinas depe3 wy. 13 (14.1) st
t = tg moygaem:

[w'(to)| = [f(7(t0))] - [V (o),

W (to)l
|’7/<t0’ ’f( O)’v

T. e. reoMeTpudeckuii embic | f'(zg)| — 910 K03 buIenT pacrszkeHust (JIOKAJILHOTO) BCEX
[JIaJIKUX KPUBBIX B TOUKe zo npu orobpaxkenun f. M3 (14.1) ayist t = ty TakkKe MOXKHO
IIOJIYYUTDb CBA3b MEXK/Y YyIJIaMU:

Argw'(ty) = arg,, f'(z0) + Arg~'(to),


http://lectoriy.mipt.ru

http://lectoriy.mipt.ru 6u38

Jleknus 14. Kondopmubie oTobpazkenust

AI‘g w,(t(]) - Arg ’7,<t0) = arg., f,<Z0)7

T.K. IpaBasi 4acThb He 3aBUCAT OT KPHUBOI, TO M3 3TOrO CJEIYET, UTO Jobas IyIajKasi
KpUBasi, IIPOXOJIAIIAs Iepe3 2y, OYJAET IMOBOPAYUBATHLCA HA OJIUH U TOT KE yTOJI, T.€. I'e0-
MeTpuiaecKuii eMmbica arg,, f'(zy) — yros moBopoTa BOKPYT 2o BCEX TVIAJKUX KPUBBIX IPU
orobpaxkenuu f. OTcioyia, B 9aCTHOCTH, CJIEJyeT, 9TO IPU OTOOparKeHuu f yros MexKy
JIFOOBIMU TJIQJIKIMU KPUBBIME B TOUKE 2( COXPAHACTCS.

/Iv (t)|dt.

ITpumep 14.2. JInuna Kpusoit

to O’t0+0']
s obpasa
70 [ )it = /|f V(t)dt.
[to Uto-i—o’] [to Ut0+0

Taxkum obpazom, juddepeniupyeMast GyHKIU OJIM3Ka K CYIIEPIIO3UIUT TTOBOPOTA U PAC-
TAYKEHUS.

14.3. KoudopmHubie oTOOpakeHust

Onpepenenne 14.1 (Koudopmuoe orobpazkenue). Ilycrs orobpakenue
f:Bs(20) CC—=C,  f(z) =u(x,y) +iv(z,y),

npudeM u, v auddepeHnupyeMbl B ToUKe (g, Yo ), 1€ 2o = To—+1Yo. Kpome Toro jmHeitHOe
oTobpazkeHue, 3alaHHOe

du = (%o, yo)dx + u (7o, Yo)dy,
dv = vy, (0, yo)dx + v, (o, Yo)dy.

u nepesosigmee (dr, dy) B (du, dv), aeasgerca cyneprosunueii nopopora R? BOKpyT HyJIst 1
pacrszkenus (romorerun) R? ¢ nentpom 0. Torja orobpakenue f KOHPOPMHO B TOY-
Ke 2o (Takum 06pazoMm, orcedeHbl OTpayKeHUs U PACTSZKEHUs, PACTATHBAIONIIE B PA3HBIX
HAIPABJICHUSIX TI0-PA3HOMY ).

Teopema 14.2 (Kpurepuii koudopmuoctu B rouke). 3f'(z0) #0 <= f — xongopmna
6 2y 6 cmuieae onpedeaenus 14.1.

(] I mokasare/ibcTBa UCHOIb3YI0TCA yeaous Kot — Pumana.

[TIycrs 3f(29) # 0, Torma u, v quddepentupyeMpr B ToUke (g, Yo). SHATUT MOKHO
paccMoTperh JInHeiiHoe oToOpazKkeHne B Touke (o, Yo ):

(o) = () () = () () =

'K 7o) #o\

/\
=l =[E
o
e
N————
VR
QO
<K
N——
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. 2 2
Beeném monosuTEebHBIN yroT 0. T. K. (“fz) + (%) =1, To J¢:

cosp = &,
singp = .

cosp —sing) (dx
OK (singp cos ) (dy)
— pacTsaKeHUe U TIOBOPOT.

ITycTs BhIMOIHEHO ompe/iesienue 14.1, T.e.
(du) (cos @ —sin cp) (dx)
—Kk(“ ,
dv sinp  cosp dy
T. e. u3 onpeneserns 14.1 u, v — muddepenimpyemsr B (xg, 4o). Torma

. . Uy =V
u; = K cos p, u, = —Ksin g, v, = K sin g, vy, = Kcosp, = v
Uy = — Uy
Yy x

T. e. Boimosiaens! ycaosust Komn — Puvana B Touke 2o, a 3uadnt f'(2g). Cuntaem

I (20) = uz(wo,90) + 1ve(0, y0) : |f(20)] = VU2 + 02 = \/K2(COS2 @ +sin?p) = K # 0,

e K — o yciosuio, KoadduimenT pacrsizkenns B onpegenernn 14.1, K # 0. [

Baenem nonsitTue KOH(MOPMHOCTH B TOUKE OO.

14.4. HJIO (yros mex/1y KPUBBIMHU B TOUKE OO)

Cdepa Pumana — orobparkeHue HEKOTOPOil cdepbl, Kacaromeiics KOMILIEKCHON
ILJIOCKOCTH B HYJIE.

Bepérca Touka N, nporuBonosioxkuas 0, nposogurcs ysya u3 N ua C. Ilepeceuenue
ayga co cdepoit M mepexomur B mepecedernne jyda ¢ C. f(M) — crepeorpaduueckas
npoekius. OkpectHocTh N 0TOOparkaercss B OKPECTHOCTh OECKOHEYHOCTU. DTO OTOOpa-
JKeHHe COXPaHseT YIJIbl MeK 1y KpuBbIME Ha cdepe u ux obpazamu B C, Torjna kpusbie B
TOYKE 00 TEPECEKaloTCs TOJI TEM Ke YIJIOM, 9TO U UX TPoodbpas3bl B ToUke N.

Puc. 14.8.

Bapuant paccmaTpuBanust KpUBBIX B becKoHedHOCTH 0e3 cdepbl PuMana: pacemorpum
0TOOparKeHue i st cdepnr Pumana 510 oTobpazkeHne ecTh OBOPOT Ha 7, HA ILJIOCKOCTH
9T0 DoJIee ciIoyKHOE oToOpazkeHue. Toraa mpoodpa3bl KPUBBIX HA OECKOHEYHOCTH OKAXKYTCsI
B HyJI€.
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Onpenenenne 14.2 (Koudopmuocts B o0). Ilycth 00 — yerpanmmasi ocobast TOUKa
dbyukmuu f. Torga f koHdopMHaA B TOouke 00, eciau yukuusa g(§) = f (%) upu eé
HEIPEPBIBHOM IPOJIOJIZKeHNH B TOUKY &y = 0 OyzeT koHdopmHO B Touke & = 0.

Omnpenenenne 14.3 (KondopmuocTs Heycrpanumoil ocoboit Toukn). Ilycrs zy € C ab-
JIIeTCsl M3OJIMPOBAHHON 0c000#t TOUKON f, HO He sABJSETCS yCTpaHUMO 0co00il TOYKOI.
Torna f kondopmHA B 2y, eciu g(z) = ﬁ 1I0CJIe JIOOIIPEIe/IeHIS 110 HEIIPEPHIBHOCTU B
2o KoHpoOpMHA B 2.

BameTnM, 9To B ycjaoBum onpejenenus (14.3) zp — 9To MOJIOC 1epBoro mopsjka f,
€CJIN 2y — CYIIECTBEHHO 0coDasi TO4YKa, TO

Blim f(z) = P$lim

Z—20 Z—20 f(z) '
Hennzsa g moonpenennts B 2o. Ecim 2y — mosmioc nopsiika n > 2, TO

(z — 2z)"
h(z) ~’

h(z)

(z — zo)"

f(z) = 9(z) = g'(20) =0,

T. €. HeT KOH(bOpMHOCTI/I B TO4YKE Zj.

Onpepenenne 14.4 (Koudopmuocrs B obiactn). OyHkimsa f ocyliecTBisier KOH-
dopmuOe orobpaxkenne B obmactu (¢ C C (ne uckmoueno, uro oo € G, HO TOrIA
Je > 0: B.(o0) C G), eciin

1) f xkoudopwmua B Vz € G.

2) f BzammoopnosHadHa B G.
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