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§ 1. �¥®à¥¬  ® ¥ï¢®© äãªæ¨¨ ¤«ï ®¤®£®
ãà ¢¥¨ï

�ãáâì x0 ∈ Rn, y0 ∈ R1 ¨ ¢ ®ªà¥áâ®áâ¨ â®çª¨ (x0, y0) ∈ Rn+1

§ ¤   áª «ïà ï äãªæ¨ï F (x, y). � á ¡ã¤¥â ¨â¥à¥á®¢ âì à¥è¥¨¥
y = y(x) ãà ¢¥¨ï F (x, y) = 0. �à¨ íâ®¬ ¢ ï¢®¬ ¢¨¤¥  ©â¨ äãª-
æ¨î y(x) § ç áâãî ¥ ã¤ ¥âáï. � á¢ï§¨ á íâ¨¬ äãªæ¨ï y(x)  §ë¢ -
¥âáï ¥ï¢®©.

�¥®p¥¬  1. �ãáâì x0 ∈ Rn, y0 ∈ R1 ¨ ¯ãáâì áª «ïà ï äãªæ¨ï
F (x, y) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬:

(1) F (x0, y0) = 0,
(2) äãªæ¨ï F ¥¯à¥àë¢  ¢ Uε(x0, y0),
(3) ç áâ ï ¯à®¨§¢®¤ ï F ′y(x, y) áãé¥áâ¢ã¥â ¢ Uε(x0, y0) ¨ ¥¯à¥-

àë¢  ¢ â®çª¥ (x0, y0),
(4) F ′y(x0, y0) 6= 0.
�®£¤  áãé¥áâ¢ãîâ ç¨á«  γ > 0, δ > 0 ¨ ¥¯à¥àë¢ ï ¢ â®çª¥ x0

äãªæ¨ï ϕ : Uγ(x0) → Uδ(y0) â ª ï, çâ® ¤«ï «î¡®£® x∗ ∈ Uγ(x0)
á¨áâ¥¬  ãà ¢¥¨© F (x∗, y) = 0   ¬®¦¥áâ¢¥ Uδ(y0) ¨¬¥¥â ¥¤¨áâ-
¢¥®¥ à¥è¥¨¥ y∗ = ϕ(x∗).

�®ª § â¥«ìáâ¢®. �«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ®
F ′y(x0, y0) > 0. �®£¤  ¢ á¨«ã ¥¯à¥àë¢®áâ¨ äãªæ¨¨ F ′y(x, y) ¢ â®çª¥
(x0, y0) áãé¥áâ¢ã¥â ç¨á«® ε1 ∈ (0, ε) â ª®¥, çâ®

F ′y(x, y) > 0 ∀(x, y) ∈ Uε1(x0, y0). (1)

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥ ç¨á«® δ ∈
(
0, 1√

2
ε1

]
. �®£¤  ¤«ï «î¡ëå

x ∈ Uδ(x0), y ∈ Uδ(y0) ¢ë¯®«ïîâáï á®®â®è¥¨ï

|(x, y)− (x0, y0)| =
√
|x− x0|2 + |y − y0|2 <

√
δ2 + δ2 ≤ ε1,

â. ¥. (x, y) ∈ Uε1(x0, y0). �®íâ®¬ã á®£« á® á®®â®è¥¨î (1) ¤«ï «î-
¡®£® x ∈ Uδ(x0) äãªæ¨ï F (x, y) áâà®£® ¢®§à áâ ¥â ¯® y   ®âà¥§ª¥
[y0 − δ, y0 + δ].
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�âáî¤  ¨ ¨§ à ¢¥áâ¢ 
F (x0, y0) = 0 á«¥¤ãîâ
¥à ¢¥áâ¢ 

F (x0, y0 − δ) < 0,

F (x0, y0 + δ) > 0.

�®íâ®¬ã ¢ á¨«ã ¥¯à¥-
àë¢®áâ¨ äãªæ¨¨ F
¢ Uε(x0, y0) áãé¥áâ¢ã¥â
ç¨á«® γ ∈ (0, δ] â ª®¥,
çâ®

∀x ∈ Uγ(x0) ↪→

F (x, y0 − δ) < 0,

F (x, y0 + δ) > 0.

x

y

y0

y0 − δ

y0 + δ

x0

Uγ(x0)

Uδ(x0)

F (x, y) < 0

F (x, y) > 0
ε1

�à¨¬¥ïï â¥®à¥¬ã ® ¯à®¬¥¦ãâ®ç®¬ § ç¥¨¨ ¤«ï äãªæ¨¨ f(y) =
= F (x, y), ¥¯à¥àë¢®©   ®âà¥§ª¥ [y0 − δ, y0 + δ], ¯®«ãç ¥¬, çâ® ¤«ï
«î¡®£® x ∈ Uγ(x0) áãé¥áâ¢ã¥â ç¨á«® ϕ(x) ∈ (y0− δ, y0 + δ) â ª®¥, çâ®
F (x, ϕ(x)) = 0. �¥¬ á ¬ë¬ ®¯à¥¤¥«¥  äãªæ¨ï ϕ : Uγ(x0) → Uδ(y0).
�§ áâà®£® ¢®§à áâ ¨ï äãªæ¨¨ F (x, y) ¯® y ¢ Uδ(y0) á«¥¤ã¥â, çâ®
¤«ï «î¡®£® x ∈ Uγ(x0) ç¨á«® y = ϕ(x) ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬ ¢
Uδ(y0) à¥è¥¨¥¬ ãà ¢¥¨ï F (x, y) = 0.

�®áª®«ìªã ç¨á«® δ ¡ë«® ¢ë¡à ® ª ª ¯à®¨§¢®«ì®¥ ç¨á«® ¨§ ¨-
â¥à¢ « 

(
0, 1√

2
ε1

)
, â® íâ¨ ¦¥ à ááã¦¤¥¨ï ¬®¦® ¯à®¢¥áâ¨ ¤«ï ¯à®-

¨§¢®«ì®£® ç¨á«  δ1 ∈ (0, δ]. � à¥§ã«ìâ â¥ ¯®«ãç¨¬, çâ®

∀δ1 ∈ (0, δ] ∃γ1 ∈ (0, γ] : ∀x ∈ Uγ1(x0) ↪→ ϕ(x) ∈ Uδ1(y0).

�¥¬ á ¬ë¬ ¤®ª §   ¥¯à¥àë¢®áâì äãªæ¨¨ ϕ ¢ â®çª¥ x0.

§ 2. �¯¥à â®à ï ®à¬  ¬ âà¨æë. �¥®à¥¬ 
� £à ¦  ® áà¥¤¥¬

�¯p¥¤¥«¥¨¥. �ãáâì A { ¬ âà¨æ  à §¬¥à  m× n. �¯¥à â®à®©
®à¬®© ¬ âà¨æë A  §ë¢ ¥âáï ç¨á«®
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