A

3) rotgradp = [V x V] = [V x Vlp = det | 57 5 a5 | » =
b b6 B
ox oy Oz

=1 (a%% - a%a—y) o+ (Fay — g ds) otk (aa% - a%%) - Hoyb-
3ysICh TE€M, YTO CMelIaHHbIe IPOM3BOIHbIE JIBAK bl HEPEePbIBHO nd de-
peHIUPYeMOil (bYHKIUY HE 3aBUCAT OT HOpsaka auddepeHmpoBanusi,
10J1y 9AEM

rot grad ¢ = 0.

4) divrotd = (V,[V x d]) =(V,V,d@) =0

31ech MBI OATH BOCIIOJIB30BAJIACH TEM, YTO KOMIIOHEHTHI BEKTOpa V
VIO2KHO TIEPECTABJISATH MECTAMMU, €CJIU ITU KOMIIOHEHTHI IPUMEHSIIOTCS K
TBAXK/Ibl HEIIPEPBIBHO auddepeHnupyemMoil (pyHKIuH, B CAITy 9€ro ¢ ome-
paTopoM V MOKHO paboTaTh KaK C OOBIYHBIM BEKTOPOM M, B YaCTHOCTH,

V x V] =0.

§ 5. dDopmyaa Ocrporpaackoro—laycca

Omnpegesenne. MHOKECTBO HA3BIBACTCH IALMEHMAPHHIM, €CJIA OHO
)JIEMEHTAPHO OTHOCUTE/NBHO KAZK/0H KOOPAMHATHO! ocu (CM. oupeaese-
qre B § 3 riassr 14).

P(z,y,2)
Teopema 1. Ilycrs BektopHOe mome d(z,y,z) = | Q(z,y,z)
R(z,y,z)
HereprBHO muddepeHnupyeMo B 3aMbIKAHUE JIEMEHTAPHOH 00/1aCTH
G C ]nyz, rpanuna kKoropoii OGT aBigerca KyCo4Ho-IJIaiKoil 110BepX-
HOCTHIO, OPUEHTUPOBAHHON 1osieM BrenrHux Hopmadieit. Torma cupases-
THBA, (ﬁopmy/ba Ocmpoepadcrozo—Laycca:

///dlva (z,y, 2 )dmdydz—// d(z,y,z d_:S') (1)

oG+

Hoxka3zareabcrBo. Popmyny Ocrporpajgckoro—laycca, omyckas
API'Y MEHTbBI, MOXKHO [EPENUCATH B BHUJIE
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] (5558 e

://dedz+dedx-|—Rdxdy.
oG+

JokaxkeM paBeHCTBO

///8 (v,y,2 dxdydz—/ R(z,y,z) dx dy. (3)

oG+

B cuny snemenTapHOCTH 06.HaCTI/I G OTHOCHTENILHO OCH z CYIECTBY-
10T u3Mepumoe MuoxkecTBo E C R, u dbyukiuu p(x,y), ¥ (x,y), Henpe-
PBIBHBIE HA 3aMBIKAHUW MHO}KeCTBa E u rakue, uro ¢(z,y) < ¥(z,y)
V(z,y) e En

G={(z,y,2) : (z,y) € B, ¢(z,y) <z <(z,y)}.

IlosTOMy MOBEPXHOCTH ”KPUBO- z
JsmHedHoro umiubapa” G co-
CTOUT U3 TpexX vacreil:
” BEpXHETO OCHOBAHUS

Sl = {(SU, Y, ’I/J(SU, y)) : (ZL“, y) € E},
” HU>KHEro OCHOBaHUA”
So={(z,y,¢(z,y)): (z,y) € E}
u ”60KOBO# mOBEpXHOCTH”

Ss ={(z,y,2) : (x,y) € OF,
o, y) <z <P(z,y)}

ITockobKy BEKTOp HOPMAJN
ng(z,y, z)
i(z,y,2) = |ny(r,y,2) | k
n,(z,y,z)
”6oKoBOI HOBepxHOCTH” S3 NAPAJUIEJIEH ILUIOCKOCTH TY, 10 N (T, y,2z) =
= 0 upu (z,y, z) € S3, ClleI0BaTE/ILHO, CBO/sI MHTErPaJl BTOPOrO PO K
MHTErpaJjly TepBOro POJa, IOy IaeM
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[ B2 dzdy = [ [ Ry n(op2) a5 <o,
53 53

[Tosb3ysichk onpenenennem 2 st HOBEPXHOCTHBIX HHTErPAJIOB BTOPO-
"0 POJIA 110 BEPXHEH CTOPOHE MOBEPXHOCTH S ¥ HUXKHEH CTOPOHE IOBEPX-
HocTU So, MOJIy4YaeM

[ [ Ry dzdy = [ [ R,y oe0)) dody,
S1 E

//R(m,y,z) dedy = —/ R(z,y,p(z,y)) dz dy.
So E

CrenoBaresbHO,

//Rwy, d;rdy—/ R(z,y,z)dxdy +

oG+

// (z,y,z dwdy+// (z,y,2)dedy =

// (5,9, 0(2,9)) ~ Bz, @(x,))) da dy.

[Monws3ysce dopmynoit Heorona—J/leitbuuria, mosyuaem

//Rwy, d:rdy—//d:rdy / R (z,y, 2

oG+ p(z,y)

OTCIOfa U U3 TEOPEMBI O CBEIEHUU KPATHOIO WHTErpPaJjia K MOBTOPHOMY
ciepyer dbopumyiia (3).

AHaJIOrUYHO, 1T0JIB3YSACH 3JIEMEHTAPHOCTHIO 001acTu G OTHOCUTEIBHO
)cell © U Y, MOXKHO IIOJIy4YUTh PABEHCTBA

///8 (z,y,z dwdydz—/ P(x,y,z)dydz, (4)

oG+
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///5 (v,y,2 dxdydz—/ Qz,y,z)dz d. (5)

oG+

CkiasbiBas PABEHCTBA (3)-(5), noJIygaeMm dopmyy
Ocrporpasackoro-Taycca (2). O

Teopema 2. Ilycrtp

1) obunacrb G MOXKHO LIPEJACTABUTL B BUAE OObEAUHEHUS KOHEUYHOIO
YHCJIa HEIIEPECEKAIONIUXCs d/IeMeHTapHbix obnacreil G; (1 =1,...,1) u
KYCOYHO-TJIQIKUX moBepxHOCcTedt S; (j = 1,...,J), nexkamux Ha TpaHu-
max oojacreit G;

2) rpanuna OGT obsacru G sB/isercs KyCOYHO-IJIAJIKOH 110BEPX-
HOCTbIO, OPUEHTUPOBAHHON 110JIEM BHELIHUX HOpMaJIei;

3) BekTOpHOE TIOJIE (T, Y, 2) € R menpepuiBHO Auddepennupyemo B
3ambikaauu obsactu G.

Torna cupasemuBa (popmyna Ocrporpazackoro—Taycca (1).

JokazaresbecTBo. B cuny reopembr 1 gy Kaxk0i 3/1€MeHTAPHOR
obsnactu G; cupasepyusa dopmyina Ocrporpajickoro—Laycca

///dlva:ny, da:dydz-//(ia:y, dS) ied{l,....I}.

oG
ITockosbKy 3/emenTapubie objactu G; usmepumbl, 10 p(0G;) =

I I
= 0. Orcioma n w3 ycaosus G\ J G; C U 9G; caenyer, 4ro
i=1 =1

I
n <G \ U GZ) =0 u B culy aJIMTUBHOCTA KPATHOIO MHTErPAJIA
i=1

// div d(z,y, 2) du dy dz =
_Z///dlvaxy, dl‘dydz_Z// 3.y, 2).d5). (6)

oGt

Yepes S:,} 0003HAYNM OOIIYI0 TPAHUILY COCETHUX IJIEMEHTAPHBIX 00-
snacreit G; u Gy, OPUEHTUPOBAHHYTO [10JIEM HOPMaJiel, BHEIIHUX 10 OT-
Howenuto K obsiactu G;. Tora opuenTanuy 1OBEpXHOCTEH S;; u SZ B3a-
UMHO TIPOTUBOTIOJIOXKHBI 1, CJI€I0BATEIBHO,
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[ [(ate2.8) = [ [ate 0.5

as} as}

[TosroMy 1pu CyMMHUPOBAHMH HMHTEIPasioB 10 nopepxuocram OGT;
THTErPAJIBI IO OOIIUM TPAHUIAM COCEIHUX ODIACTENl B3aMMHO YHUYTO-
KAIOTCS M OCTAETCs MHTerpaJi mo rpamuie objaactu GG. Takum obpasow,
a3 dbopwmyibt (6) caemyer dopmyina Ocrporpagckoro—Taycca mis obac-
m G. O

Ormerum 0e3 mokaszarenbcTBa, 49ro Qopmyna Ocrporpaackoro—
[aycca cupaBemymBa u s obsactu (G, KOTOPYIO HEJIb3s MPEICTABUTH
KaK 00beIrHEeHre KOHEIHOIO YMC/Ia dJIEMEHTAPHBIX obyiacTeit u dacrei
1X IPAHULL, T. €. BMECTO yciaoBus (1) reopembl 2 gocrarodso rpeboBarb
13MepuMocTb obsiactu G.

Teopema 3. (Teomerpuueckoe oupegenenue quseprenuuu.) [ycrs
sekroproe nosie @(7) € R® menpepbisro muddepenupyemo B obnactu
0 C R _.IIycrs 7 € Q, S; — cepa pajmyca § ¢ HEHTPOM B TOUYKE T,

TYz "
DPUEHTUPOBaHHAsL 110JIeM BHelnux nopmadeii, a Vs = p(Us(7)) = 5m6°
- o6bem mapa Us (7). Torma

diva(rp) = lim —//d’i’) ds).

—+0 Vs

JokasaresnbcTBo. I3 HenpepwbBHOH muddepeHnupyeMocT oISt
i(7) cinenyer HenpepbiBHOCTH (byHkuuu div @(7), mosromy

5(6) = Sup |diV U/(’P) —div G(F0)| —0 mpu 0 — +0.
'FGUJ(FO)

Ci1e10BATEIIbHO,

// divd(r) de dy dz — Vs divd(ro)| =

Us (70)
// (diva(r) — divad(ip)) de dy dz| < /// Ydx dy dz = Vse(9).
Us (7o) Us (7o)
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N3 reopembr Ocrporpajickoro—laycca nosydaem, 4ro

///dlvaf')da:dydz—// (@(7),dS).

Us (70)

CrenoBaresbHO,

// (7),d8) — div(iy)| <2(0) >0 mpn 6 +0. O

Bameuanue. [lockonbky norox [[(@(7),dS) ue sapucur or cucre-
S5
Mbl KOOP/IMHAT, TO B CUJLy T€OPEMbl 3 IUBEPIreHIlMsl BEKTOPHOIO 10JIsd He
3aBUCHUT OT CHCTEMbI KOOD/IMHAT.

Omnpegenenue. ByieM roBOPUTE, 9TO IOBEPXHOCTD S 02PaHUMUEAEM
obnacts G C R?, ecomn
1) S=0G u

2) G — orpaHuYEHHOE MHOXKECTBO.

Ounpenesienne. [lopepxHOCTb HA3BIBACTCH 3AMKHYMOU, €CJAU OHA
OTPAHUYUBAET HEKOTOPYIO 00JIACTb.

Omnpegenenne. HenpepbisHoe BeKTOpHOE TIONE @ (T, Y, 2) € R Hazbl-
BAETCS COAEHOUIANLHOIM B 001acTH (), €CJTH TTOTOK TOJIs @ Yepe3 JIIOYIo
3aMKHYTYIO KyCOYHO-IVIAJKYIO IIOBEPXHOCTD S, JlexKaliyio B obsactu (),
paBeH HYJIIO:

// a(z,y, z d_S) =0 V 3aMKH., Kyc.-raag. S C .

Onpegenenne. O6nacts ) C R® masbBaerca o6zemno 00HOCEA3-
HOTU, ecin Jjis JI000i 3amKHyTOM nopepxnoctu S C 2 obaacrs G, orpa-
HAYEHHAS MOBEPXHOCTHIO S, COmepKutcs B (1.

O6pa3Ho roBopsi, 00beMHASA OJHOCBA3HOCTD 00/1acTH §) 03HATAET, 9TO
obsacth () He uMeeT ”BHYTPEHHUX 0JIOCTEN” .
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Teopema 4. Ilycrb Bekropuoe nosie @(w,y,z) € R® menpepbisHO
g depennupyemo B obacru 2. Torua yciaosue

divd(z,y,z) =0 V(z,y,2) € Q (7)

IBJISIETCS HEOOXOTUMBIM, & B CIydae 0ObEeMHOI OIHOCBA3HOCTH 00/IACTH
() — 1 JOCTATOYHBIM YCJOBUEM COJIEHOUJAIBLHOCTH 1O .

HoxkazaresberBo. 1) Heobxomumocrs ycnoBus (7) s coeHon-
TAJILHOCTH TIOJIst {4 CJIEJyeT HEIOCPEICTBEHHO M3 T€OPEMbI 3.

2) Ilycre BBIONHEHO ycaoBue (7) u obmacTh ) 0OBEMHO OJHOCBSI3-
qa. [lycrb 3aMKHyTas KyCOYHO-IJIQ/IKAs IIOBEPXHOCTb S OrpaHHYUBAET
sosacrs G. Torpa B cuity 06bemHO ogHocBa3nocTu obnacru 2 G C
C Q, novromy divd(z,y,z) =0 V(z,y,z) € G. Orciona u u3 Gopmyiibl
Ocrporpagckoro-laycca cieayer, 94ro MOTOK oS d Yepe3 IMOBEPXHOCTD
S paBeH HYJIIO. O

Bameuanue. U3 ycnopus (7) s 00beMHO HEOAHOCBA3HOM ob1acTu
() He ciejlyer CoJeHORIAIbHOCTD 1ot d. Ilycrs, nanpumep, d(F) = 7

- 3JIEKTPUYECKOE T0JIe TouedHoro 3apsia, 2 = {Fe€ R : 1 < |f] < 3}
S={rfeR® : |f] =2} Torma

i = (Vo7 ) = V0 (79 =
) sl
r.e. yenosue (7) Bomonneno. OAHAKO
fe

s~ ffans- ] (5
//|f12‘222ﬁ‘4 i

§ 6. ®opmyna Crokca

_{‘ =3

Onpenenenne. KpuBonmmueinprii HHTErpaJl BTOPOT'O pozna
[(@(z,y,z),dF) or Bexropmoro nons d(z,y,z) € R® mo 3amxmyroit
3

xpuBoit I' Ha3bIBaeTCa yuprysAyued.
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