1a, kpuboil [T MO2KHO 1mOJIy4uTh J1I06YI0 TOYKY Ry =F (7o) na KpuBoii
F'(I'Y), ro kpusast F'(I'") opuenTupoBana 110J0KUTEIbHO OTHOCUTEIHHO
sosactu F'(G). Anajorudso B ciydae OTpUIATENHLHOrO SKOOUaHA, KPU-
sast F'(I'T) opuenTuposana oTpunaTeabHo oTHOCUTEILHO obiactu F(G).

ITokaxkem, 4ro Apyrux ciaydaes He Obiaer. Eciau skobuan Jp(u,v)
IpUHUMAET B 00sacTy §) 3HAYCHUS PA3JIMIHBIX 3HAKOB, TO 0 TEOPEME O
IPOMEKYTOYHOM 3HAYCHUHU /1 (DYHKIUM MHOTUX II€PEMEHHBIX, HEIPe-
DBIBHOM Ha CBA3HOM MHOXKeCTBe, sikobuan Jp(u,v) nojoKen obpaliarbes
3 HyJIb B HEKOTOPOIi TOYKe 00J1acTh ), 9TO IPOTUBOPEYUT YCJIOBUSIM T€-
DPEMBI. ([l

¢ 8. ®opmyna I'puna

HanoMHEM onpeeeHre KpUBOJIUHEHHOIO HHTErpaJsia, BTOPOro pojia,
sBesieHHOro B §7 rmaBbl 7. Ilycrs kpusas I' = {7#(t) € R* : t €
[a, b]} 3amana HenpepbIBHOW BekTOD-byHKIHENT 7(t), HMeoMIeil KyCOIHO-
HEITPEPBIBHYIO TTPOU3BOIHYIO, 8 BEKTOP-(DyHKINS f () € R™ HenpepbiB-
1a Ha, MHO2KecTBe . KpuBosmHeitHbIil nHTErpas BToporo poaa hpyHKIimn

-

f(7) no kpusoii I' oupenensiercsa dbopmysioi

b
/ (F(), dP) = / (FF(), 7' (1)) dt. 1)

r

Boipaxkenme, 3ammcanHoe B JIeBOM  dactu 910l op-
MYJIbI SIBJISIETCS 0bo3HaYEHUEM KPUBOJIMHEITHOTO HHTErpa-
18  BTOPOrO pojga, & B [OpaBoOd 49acTh  JAHHOW  (POpMYyJIbI
3anMcaH  MHTErpajd  Pumana — ckajgapHoil  dbyskimuum  @(t) =

= (f(7(t)),7'(t)) mno orpesky [a,b]. 3umecn wepes (f(7(t)),7'(t))
HGO3HAYEHO CKAJIPHOE LIpou3Be/enue Bekropos f(F(t)) u 7'(t).

Kaxk 0Ob1710 MOKa3aHO paHee, KpUBOJIMHEHHbII HHTErpaJ BTOPOro poaa
1€ 3aBUCUT OT MTapPaAMETPU3AIUH, & IPU U3MEHEHUU OPUEHTAIMN KPUBOUI
viersieT 3HaK. OTMeTrM, 9TO U3 CBONCTBA aJUTUBHOCTHA WHTErpaJsa Pu-
MaHa 110 0Tpe3Ky u Gopmyibl (1) cienyer cBOWCTBO aIM TUBHOCTU KPU-
30JIMHEHOrO UHTEerpaJia 110 KpUuBOu:
scoin KpuBas I cocrasiiena u3 kpuBblX 'y, ..., [k, OpHeHTHPOBAHHBIX B

COOTBETCTBUU C OpueHTarueil kpupoit I', To
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/(F)dm 2/ (F(7), dn).

le

g  KpWBOJIWHEWHOTO WHTerpaja TO IUIOCKO# XKpuBoit I' =

- {( "’;8 ) L te [a,b]} or sexrop-dpynkunn f(z,y) = <ggzg>

dopmysia (1) upunumaer Bus
/P(w,y)dw +Q(x,y)dy =
r

b

= [(PE®.v@)2'® + Qat).u®)y ©) d

B ugacrHocru, eciu kpusas I' apisierca rpadbuxkom dynkuuun y(z),
HewpepbiBHO Jubdepernnupyemoit Ha orpeske [a, b], o

P(z,y)dx = b P(z,y(z)) de. (2)
/ /
r a

b
Bamerum, 4o s cymecrsoanus unarerpasa [ P(z,y(z)) dz pocra-

a
TouHO TpeboBarb HeupepbiBHOCTL (GyHkuuu y(z) Ha [a,b] u Heupepbis-
Hocrb yuxuuu P(z,y) na muoxecrse I' = {(z,y(z)) : =z € [a,b]}.
Ilostomy B ciiydae, korma KpuBas [ aBisiercss rpadpuKkOM HEIIPEPBIBHOM
(a He 0bs3aTeIbHO HenpepbIBHO auddepeHupyeMoii) QyHKIu, KpUBO-
auuedinbiit uarerpan [ P(z,y)de GyseM IOHUMATL B CMbICIE HOPMYJIbI
r

(2). Kak nokasaHo Bbillle, B CJIy4ae HeNpepbiBHO auddeperuupyemoc-
i byHKknum y(r) 3TO ONpPENENEeHNe COBNAAET ¢ OOIMM ONMPEJETeHuEM
KPUBOJIMHEHHOIO HHTErPaJia BTOPOLO POJA.

Aunasiornuno, ecsn kpusas I' = {(z(y),y) : y € [c,d]} aBuserca
rpadukom GyHkuun x(y), HENPEPHIBHON Ha OTpe3ke [¢, d], a dbyHKIusA
Q) (z,y) venpepbiBHa Ha MHOXKecTBe I') TO Onpeaeum

/ Q(a,y) dy = /d Qa(y), ) dy
I c
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Onpenenenne. Byaem rosopurn, Y

qro obnacte G C R? snemenmapna, y = (x)
>CIM OHA 3JIeMEHTapHa OTHOCHTeabHO — d
KA2KJI0M M3 KOOPJAWHATHBIX OCEM, T.e. . .
cymectsytor dbyukuun (), (), He- 2 S
3 G ol
IpepbIBHBIE Ha [a, b], n dyskmnn aly), " I
3(y), neupepbiBuble Ha [¢, d], Takue, 410 8 k 8
z) < Y(x) Vo€ (a,b), c :
ola) < Y(x) Ve € (a.b) e |
a(y) < By) Yy € (c,d) a b

G={(r,y): z€(ab), p(x) <y <)} =
={(z,9): y € (c.d), aly) <z < B(y)}-

Teopema 1. Ilycts o61acts G C R? sjeMenTapHa U ee TPAHHTICH AB-
IeTCst KYyCOYHO-TIJIajiKast Kpubas OG T, oOpueHTHpOBaHHAs MOJIOXKHUTE b=
10 oTHOCHTeIbHO o0stacT G. Ilycrh B 3ambikannu obsiactu G 3a/1aHbI He-
1pepbiHO Juddepenuupyembie yukuuu Pz, y) u Q(z,y). Toraa cupa-
seqyiuBa gopmyaa I'puna:

aip@wm+mwmwj;<%@M—%@w)m@

dokazaTesabcTBo. /lokaxkem cHadaaa GOpMyay

/ Pla,y)ds = —//%(x,y) di dy. (3)
G

oG+
Yy
Pazobbem kKpusyio OGT Ha Kpusble 0
={(z,0(z)) : z€Ja I's

I {( 790( )) € [ 7b]}7 w(a) 7 ;'L])Q'I;\
Iy ={(by) : y € [p(b), ()]}, @ L @ [y
L= {v@) : celat), 7 Se)
Li={(@y : velp@.v@l. 0 )
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Ilockonbky Koopauuara x Ha orpe3kax I's m I'y me mensercs, To
KpusosuHeiinble uarerpanst [ P(z,y) dz 10 91uM KpUBbIM PABHbL HYJTIO.
Kpusas I'y uMeeT OpueHTAINIO, COOTBETCTBYIOIIYIO OPUEHTAITUN KPUBOM
OGT, a kpusasg '3 — nporusononoxuyio opuenTammo. ClieJ0BaTeIbHO,
B CHJIy aTATUBHOCTY KPUBOJUHEHHOTO HWHTETPAJIa

/ P(z,y) da:-/P(a:,y)d:n—/P(a:,y)d:n:

oGt s

b b
= [Pp@)ia- [ Plai@)ds = - [(Pla,i@) - Pl o@) de

W3 dopmyssr Heiorona—Jleitbuuna ciaemyer, 41o

Y(x)
Plab(@) - Plaole)) = [ 2—§<x,y>dy.

o(z)

Orcroma u U3 TEOPEMBI O CBEIEHWM KPATHOTO WHTETpPaja K MOBTOD-
HOMY NOJIy4aeM

b ¥(z)
oP oP
| remis=- [ [ Fepi—- [ [Fandd.
G

oG+ a o(z)

/wady—//a (z,y) dz dy (4)

G+

Dopmyiia

JIoKas3biBaercs anazorndno. CkuanpBas dopmyist (3) u (4), moxydaem
dopmyny 'puna. O

Teopema 2. Ilyctb

1) obnacts G C R? moxker ObITb 1pejicTabjieHa Kak OObejMHeHUe
KOHEYHOI'O YUCJIA HEIEPEeCeKAIOMXCs dleMeHTapHbix obuacreit G; (1 =
=1,...,I) ¢ KyCOUHO-ITIQAKUMU TPAHUIIAME U KPUBBIX V; (j = 1,...,J),
JieXKaIluX Ha BHyTpeHHUX (110 OTHOMIEHMIO K objactu G) rpanuiax oo-
nacreit Gy;
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2) rpanuua OGT obaactu G COCTOMT U3 KOHEYHOIO YUCJIA IIPOCTHIX
3AMKHYTBIX KYCOYHO-TJIQJIKHX KPUBBIX 1": (k =1,...,K), opuenrupo-
BAHHBIX TTOJIOKHUTEIHHO OTHOCUTEIHHO obmactu G

3) nycrb byuxiuu P(z,y), Q(x,y) Henpepbiao auddepennupyembl
1a 3aMbikaann oojiactu G.

Torma cupasenyiuBa dpopmynna I'pura:

/P(w,y)dm+Q(w,y)dy=//(%(w,y)—g—g(w,yﬁ drdy, (5)
G

oG+

Wi el

/Pmydm+Q(mydy—Z/ (z,y)dz + Q(z,y) dy

oG+

JoxkazareabcrBo. [Ipumensisi Teopemy 1 K 3emeHTapHBIM 00/IaC-
rssm (7, M3 KOTOPBIX COCTOUT 00j1acTh (G, Oy daeM

/P;rydw+Qxydy—//< %—];(x,y)) dz dy.

Glers

ITockonpKy KyCOYHO-TTIAAKHE KPUBBIC 7;, JIeXKallie Ha BHYTPEHHHX
rpaHunax obsacreit G, UMEIOT Mepy HyJb, TO KPATHBIH HHTErpaj IO
BHY TPEHHUM rpanutiam obsiacreit G; pasen Hysio. Ciie10BaTE/IbHO, B CH-
1y aJIMTUBHOCTU KPATHOT'O MHTErPAJIa

I

> / (z,y) dz + Q(z,y) dy =
@l (6)

=1y
=//(8—m<w,y>—2—§(x,y>) dz dy.
G

3aMeTHM, 9TO ecJIM KpUBasd y; JE€KNUT Ha TPaHUIe coceTHIX obmacTelt G;
1 (g, TO MOJIOXKUTEIbHAS OPUEHTAIMs ITON KPUBOU OTHOCUTEIHLHO 00-
1actu (G NPOTHBOIIOJIOZKHA TOJOKUTEILHON OPUEHTAIMY ITON 2KEe KPu-
300 oTHOCUTEIHbHO ObsacTu Gy.
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Y Cule10BaT€IbHO,  MHTErPAJIbl
IO KPHWBO# <y; BOWAYT B cjlarae-
mble [ P(z,y)de + Q(z,y)dy u
aGF

J Plz,y)dz + Q(z,y)dy ¢ pas-
oGt

HBIMW 3HAKAMW U TIPU CYMMHPOBa-
HUW B3aMMHO yHHUUYTOXKATCA. B pe-
3yJbTaTe B JIEBOH dYacTu (hOPMYJIbI
(6) ocramyTCcst TOJIBKO HHTErPAJIBL
LI0 KPUBbBIM, JIEZKALIMM HA IDAHULE
obsactu G, uro gaer dopmyiy
(5). O

3ameuanne. Popmyna ['puna cnpasemiuBa u ajis 00J1aCTH, KOTO-
PYIO HEJIb3s TMPEACTABUTh KAK O0beINHEHNE KOHEYHOTO UYUC/IA IJIEMEH-
rapHbix objacreil u yacreil ux rpasui, T.e. BMecro ycsosus (1) reope-
MbI 2 0CTAaTO9HO TpeboBaTh nu3mMepumMmoctb obsactu G. JlokazarejibcrBo
COOTBETCTBYIOMIEH TEOPEMbI JOBOJILHO TPYIOEMKO, U MbI €r0 IIPUBOIUTH
e Oymem. Tem Gojiee 9TO B TPAKTUYECKUX 3a7a4Uax 00JIACTH, HE YIOB-
JieTBopstoiiue ycioBuio (1) TeopeMbl 2, 0OBIYHO HE BCTPEYAIOTCS.

CaencrBue. (Boruucienue mwiomaau ¢ 1OMOIIBIO KPUBOJIUHEHHOIO
unrerpaia.) Ilycrs obnacrs G C R? orpanuiena, a ee rpanuina G co-
CTOWUT U3 KOHEYHOTO YKCJIA TPOCTHIX 3aMKHYTHIX KYCOYHO-TJIQJIKUX KPU-
BBIX I’kf (k=1,...,K), OpueHTUPOBAHHDIX MOJIOKUTEJHLHO OTHOCUTE b~
Ho obsactu G. Torga mwiomaas (mepa 2Kopaana) obsnactu G paBHa cie-
JYIOLIUM KPUBOJIMHENHBIM HHTErPAJIaM:

w(@G) = /xdy:—/ydx:%/xdy—ydx.

oG+ oG+ oG+

Hoxka3zaresbcrBo. [Ipumenss Gopmyny I'puna jia P(z,y) = 0,

Q(z,y) = =z, nonyaum [ zdy = [ [dzdy = p(G). Pasencrso
aG+ €]

1(G) OCTATBHBIM KPUBOJMHEHHBIM MHTErPATAM JIOKA3BIBAETCH AHAJIO-

TUYHO. O
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