F'ITABAI13

SKCTPEMYMBI ®YHKIIUN
HECKOJIBKUX ITEPEMEHHDBIX

¢ 1. DBe3ycJoBHBI 3KCTpEMYM

Omnpenenenne. Ilycrs na muoxkectse X C R" zagana yHkmums
f: X — R Touka z° € X HasbIBaeTCA TOYKOH CMPO2020 AOKANLHO-
20 MUHUMYMG (Makcumyma) Gyurimu f Ha MHOXKeCTBE X | eciu

36> 0:Ve € Us(z®) [ X = f(z°) < (>)f(2).

Ecsm 31ech crporoe HEepaBeHCTBO 3aMEHUTH HECTPOIMM, TO IIOJLYYUTCH
OIIPEIEJIEHUE HECTNPO2020 AOKANLHOZO MUHUMYMG (Makcumyma). Touaku
MUHAMYMa U MaKCUMyMa Ha3bIBAIOTCA TOYKAMHU IKCMPEMYMA.

Onpeneinenne. Ilycrs ¥ — Touka JIOKaJILHOIO IKCTPEMyMa PyHK-

muu f ma Muoxkectse X . Torma ecmm 2 € int X, To 2° maswBaeTca Tou-
KOil 6e3yca061020 A0kasbH020 sxempemyma dyrkman f; ecmn 20 € OX,
To z¥ Ha3BIBAETCA TOUKOH YCAOE6HO20 AOKANLHOZ0 IKCTPEMYMa DYHK-

uuu f.

Jlemma 1. z° — Touka cTpOroro 6esycjIOBHOTO JIOKAJILHOTO MUHH-

Myma yHKIuu f TOrAa U TOJBKO TOrJA, KOJIA

36 >0:Vz e 55(.%‘0) — f(2°) < f(x).

0

Joxkazareabcrso. [lycte z° — TOuYka cTporo 0e3yCJa0BHOTO JIO-

kajibHOro Muaumyma dyukiuu f. Torga 36, > 0: Vo € [}51 (N X <
= f(2%) < f(z). ockonpky 2° € int X, o 34, > 0 : Us,(2°) C X.
Oupestesium § = min{dy,d2}. Torna Vo € Us(z¥) < f(2°) < f(z). O6-
PATHOE yTBEPAJIEHUE OUYEBU/IHO. O
YTBepKACHUs, AHAJOTHIHBIE JIeMMe 1, CIPABE/TIMBBI U JIJIsi MAKCH-
MyMa, ¥ IS HECTPOTHX 9KCTPEMYMOB. VIHBIME CJIOBAMU, B OTIPEIEIEHAN
6E3yCJI0BHOIO IKCTPEMYMA, MHOKECTBO X YKa3blBaTh HE HYyKHO.

Teopema 1. (Heobxomumoe ycioBue sxkcrpemyma.) Ilycrs dbynakims
f(x) onpenenena B oxpectnocTn Touku x° € R® u muddepenmupyema



3 rouke 0. Ecin 2° — rouka 6e3yc/lIOBHOIO JIOKAJILHOIO SKCTPEMYMa

byukmuu f, To grad f(z°) = 0.
Joxka3zaTeabcTBo. [lockombky KommonenTsl BekTopa grad f(z°) =
— 0 paBHBI YaCTHBIM MPOU3BOIHBIM %(xo), TO JOCTATOYHO JIOKA3ATh,
k3

of (,0y — : .
1TO a—wi(m ) =0 Vi € {1,...,n}. Badukcupyem upousso/bHoe i €
c {1,...,n} u paccmorpuM QYHKIHIO ONHOW HepeMeHHOH ¢(z;) =
= f(af, ..., ad_ @i ad ... 2l). Ilockombky a° — TOUKa JIOKAIBHO-

"0 sKcrpemyma GyHKIuu f, TOo ) — TOYKa JIOKAJLHOrO IKCTpeMyMa

bynkuuu p(z;). B cuiy reopembt @epma ¢’ (z9) = 0. Caenosarenbo,

0

2 =) =0, 0
Ounpegnenenne. Eciu grad f(z°) = 0, To Touxa z°

YUOHAPHOT Mouwkol pyHkuuu f.

Ha3bIBACTCA CMa-

W3 reopembr 1 ciepyer, 4T0 TOYKUA IKCTPEMYMa (DYHKIUU ABJISIOTCS
e craruonapubivu Toukamu. Obpartuoe HeepHo. Hampuwmep, s GbyHK-
mu ofHO# mepemennoii f(x) = x® Touka zo = 0 ABIAETCA CTAITOHAD-
HOM TOYKOI, HO He gBJIgeTCd TOYKOU IKCTpEMyMa.

IIycrs dbyukuusa f(x) asaxkabl HenpepbiBHO auddepenimpyema B
bkpectroctd Toukn x’ € R™ (T.e. 9acTHbIE TPOU3BOAHBIE DYHKIME f
10 BTOPOI'O LOPAIKA BKJIOYUTE/IbHO HEIIPEPLIBHBI B OKPECTHOCTH TOYKHU
r?). Torya cipaseusa caenyiomas dopmyita Teiiiopa (rnasa 6, § 11,
reopema, 2):

F@) ~ 1) = dF(") + 2 a®) + o Aaf) mpw Az 0.

Tepes f!(2°) 0603HAIMM CTPOKY YACTHBIX MPOM3BO/HBIX IEPBOTO TIOPSI-
Ka, WM, 9TO TO 7K€ CaMO€, KOOPIUHATHYIO CTPOKY BEKTOPa TPAJHEHTA.

fen) = (G260 @),

L uepes fif (z°) — Marpuily 4acTHBIX IPOM3BOJIHBIX BTOPOLO IIOPHA/IKA:

0x10T1 0wy 01
Il($0):
T 82f . 82f .
0x10x, N 0x, 0z, (a7



IlockonbKy f/d aBazkabl HenpepbIBHO muddepennupyemoit pyHK-
uuu f 9acTHBIE NPOM3BOJHbBIE BTOPOrO HOPSJIKA HE 3aBUCAT OT IOPIKA
nuddepennuposanus, To f (1) — cummerpudeckas MaTpuna.

xy — 29
Ionarag doe = Az = ¢z — 2° = . Af = f(z) - f(=),
e
I0JIyYaeM PaBEHCTBA
4@ =3 2@ day = 110%) da,
L

Era) =YY %u%dm@:(w L@ dz. (1)

U3 dbopmyast (1) caemyer, uro Bropoit auddepeniman Gyukiuu f
ABJIAETCHA KBAIPATHIHON (POPMOIT OTHOCUTEILHO BEKTOPA d.

Hanomuum, uro kpagparuunas dopma k(z) = 27 M z naspisaerca

1) nosloxKkuTeNLHO onpejlesienHoit, ecau k(x) > 0 Va # O;

2) orpunaTesabHO onpesesentoi, ecau k(x) <0 Vo £ 0;

3) 3HakoHeonpeae/IeHHO, ecan Jx1, 12 € R ¢ k(x1) > 0, k(x2) < 0.

Jlerko BujeTb, 4to KBajaparudnaa dopma k(z) = 21 Mz orpuna-
TEJILHO OIpejiesiena, eciu Kpaaparudnas dopma —k(z) = 2zt (=M)x
HOJIOZKUTEIbHO OlpeesieHa. s IPOBEPKH I10JI02KUTEIbHONR U OTPUIA-
TETHHON ONpENENeHHOCTH KBAAPATHIHON (hOPMBI yI00HO MCIIOIB30BATH
kpurepnit CunbBecTpa. JloKa3aTe bCTBO TOTO, 9TO KBaApaTuIHas (pop-
Ma 3HAKOHEOIIPEIEJICHA, IPOBOIAT 110 OIPEIEJICHHUIO.

Jlemma 2. Eciu kBagparuunas ¢opma k(z) 10j02KuTesbHO O1pe-
JleJIeHa, TO
IA>0:Ve € R" — k(z) > Mz

JokasaresabcTso. [Tockonbky dynxmus k(r) = 21 M x nenpepois-
Ha, a egunuunas chepa S = {z € R" : |z| = 1} orpanuuena u 3aMKHy-
Ta, T. €. ABJAAeTCI KOMIAKTOM, TO CYIIECTBYET migk(:ﬂ) = \. U3 noJo-

FAS

JKUTE/IbHOM OlpeJIe/leHHOCTH KBaparudHoil ¢popmbl k() cuemyer, 4ro
A > 0. I3 oupenenenus MmunuMmyma nojydaeMm, 4ro Vi € S — k(Z) > A
Eciu z = 0, 1o k(z) = 0, u nepasencrso k(z) > A|z|?* Bbinosusercs.
Eciu 2 #0, To 7 = o] € S, cnenosarenbHO, k@) >\ k(z) =
=zTMaz= 227" M7 = |z|? k@) > \z|* O



Teopema 2. (Jocrarounbie ycuaosus sxcrpemyma.) [ycrs dbyuxius
f(z) nBaxib HenpepbisHO AuddepennupyemMa B OKpecTHoCTH TOYKH T°
1 mycTh ¢V — cramponapHas Touka dymkmuu f. Toraa

1) ecim kBagparuunas dbopma d? f(x°) nmomoxkurensHO onpeenena,
ro 20 — ToYKa CTPOroro Ge3yCIOBHOTO JOKATbHOTO MUHHUMYMa (DyHK-
1w f;

2) ecyiu kBasiparudnas hopma d? f(2°) orpunaresbro onpesenena, To

r? — TouKa cTPOroro 6e3ycJI0BHOIO JOKAJILHOIO MAKCUMYMa (DyHKIUK f;

3) econ xBasparnanas dbopma d? f(2°) 3makoneonpeenena, To x° He
IBJISIETCS TOYKOI 0€3yCJIOBHOTO JIOKAJIBHOIO IKCTpeMyMa byHKIym f;

4) ecin kasiparuutag dpopma d? f(x°) He sBjaseTca HU 10JI0KUTEb-
HO, HE OTPUUATE/ILHO OIPEIEJCHHON U He ABJIAeTCH 3HAKOHEOLPE/le/ICH-
1011, TO 2° MOXKeT OBITh TOYKOI JIOKATBHOTO 3KCTPEMYMa, & MOMKET B He
OBITh.

HoxkaszarenbcTbo. Ilockompky ¥ — crammonapHas TOUKa, QyHKIIH

f, ro df (z°) = 0, ciegoBaTennHO,
Af = %d2f(m0) +o(|Az|*) upu Az — 0. (2)

1) Ilycts xBagparnyanas dopma d? f(2°) mosokuTeHO ONpeieeHa.
B cuty temmbr 2 3N >0 VAz € R* — d?f(2°) > NAz|?. Orcrona
1 u3 popumyiibt Teiinopa (2) caenyer, uro Af > 3|Az|? + o(|Az|?) upu

. Az|?
Az — 0. ITo onpejeeHuIo 0-MaJIoro Ahm % = 0, nosToMy

z—0

FlAz|* +o(|Az?) A
. 2 _ N
Al A2 =370

Ci1e10BATEIIbHO,
— A ‘ .
35> 0 : YAz € Us(0) = TlAzf* +o(|Azf?) > 0,

10atomy Va € Us(2®) < f(z) — f(2°) = Af > 3|Az]> + o(|Az|?) > 0,
) 3HAUHUT, 70 — TOUKa CTPOrOro 6e3yCJI0BHOTO JIOKAIBHOTO MUHHMYMA.
ITyukr (2) cBopures K nynkry (1) 3amenoit dyuxkuuu f(x) na —f(x).

3) Ilycrs ksaaparuunas gopma d? f(2°) = (dz)? fI.(2°) dz 3mako-
teonpesiesiena, T.e. 361, & € R & 7 (2°)& > 0, &6 f . (a%) & < 0.
[Ipumenss dbopumyy (2) aaa Az = t&;, noayanm f(z° + t&) — f(2°) =
= Af = 5(Ax)" f,(a°) Az + o(|Az?) = 5(6)T £, (2%) & 1% + o(t?)



upu t — 0. Ilockomnbky

1

tﬁO 12

((51) "o )51t2+o<t2)) L@ a6 >0,

TO

36 >0: Vte (0,8) = Af = f(®+t&) — f(2°) > 0.

Anajioruvso,

36> 0: Vt€ (0,02) = Af = f(z° +t&) — f(2°) < 0.

Ilosromy Vo > 0 Jt; = min{%, 2|51 }, dty = min{%?, ﬁ} TaKme,
2

\
uro z! = 2% + 1§ € Us(a?), 22 = 2% + 626 € Us(a®), f(z!) —
—f(@%) >0, f(z*)—f(2°) < 0. Caenosarennno, Touka z° ne apngercs
HM TOYKO} JIOKAJTBHOTO MUHUMYMA, HH TOYKOH JIOKAJTBHOTO MAKCUMYMA
byaruun f.

4) Hycrs f(z) — dyukuus onnoit nepemennoit ¢ € R. Torua B coayuae
" (z0) = 0 xBagparuunas dopma d? f(xo) = f"(xo) (dz)? ne sapisercs
[OJIO?KUTEIHLHO OLPE/IEJIEHHOM, OTPUIIATEIBHO ONPEJIEJEHHON, a TaKKe
HE ABJIAETCA 3HAKOHEONIPEIeJICHHOMN.

s bysxmuu f(z) = z* umeem f”(0) = 0, a Touxa o = 0 ABageTCA
TOYKOA MUHUMYMA.

s byuknuu f(z) = 2%: f7(0) = 0, a Touka z9 = 0 He aBIsgETCH
TOYKOH dKCTpeMyMa. [l

Bagauga 1. Ilycts dyaxmusa f : R2 — R gBask 16! HeIpepuIBHO Aud-
depenrupyema u det £ (2°) < 0. Moxer qiu dyukius f 10cTuraTh Jo-
KaJIbHbLH 6€3yC/I0BHBIH 3KCTPEMYM B TOYKe 97

§ 2. YCJIOBHBII 9KCTPEMYM

[Iycrs B okpectroct Touku ¥ € R" 3asanbl ckaigphas QyHKIus

g1(z)

f(z) u Bekrop-dynkuus g(x) = --- |. Paccmorpum 3ama4dy OTBIC-

gm ()
kanug sxcrpemyma ynkuumn f(z) na muoxecrse X C R", 3apannom
cucremoii ypasHenwuit g(z) = 0:

f(z) — ext : g(x) =0. (1)

10
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